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ABSTRACT

Thisarticleoffers2n-point ter nary non-stationary inter polating subdivision schemes, with thetension
parameter, by using L agr angeidentities. By choosing the suitablevalue of tension par ameter, wecan
get different limit curves according to our own choice. Tightness or looseness of the limit curve
dependsupon theincrement or declinethevalueof tension parameter. The proposed schemesarethe
counter part of someexisting parametric and non-parametric stationary schemes. Themain purpose
of thisarticleistoreproduce conicsand the proposed schemesrepr oduce conicsvery well such that
circle, elipse, parabolaand hyperbola. Wealso establish adeviation error formulawhich isuseful to
calculatethe maximum deviation of limit curvefrom theoriginal limit curve. Thepresentation and of
theproposed schemesar everified by closed and open figur es. Thegiven table showsthelessdeviation
of thelimit curvesby proposed schemeascompar etotheexisting scheme. Graphical representation
of deviation error isalso presented and it showsthat asthe number of control pointsincreases, the

deviation error decreases.

KeyWords: Ternary Subdivision, I nter polation, Non-Stationary, Tension Control, Conics.

1. INTRODUCTION

bdivision schemes are the most important,

ignificant and emerging modeling tools in

omputer aided geometric design, computer
applications, medical image processing and scientific
visualization. It iteratively refines agiven set of control
points according to certain refinement rules. Several
subdivision schemes for generation of curves and
surfaces have been introduced in literature.

Deslauriersand Dubuc [1] define asymmetric iterative
interpolation processes. Hassan et. al. [2] analyzed a

novel 4-point ternary interpolatory subdivision scheme
with atension parameter. Zheng et. a. [3] deviseanovel
(2n-1)-point interpolatory ternary subdivision scheme
that reproduces polynomial of degree 2n-2. Further a
family of a-ary and (2n-1)-point ternary interpolating
subdivision schemes are produced by [3-4] respectively.
Siddigi and Rehan [5] introduced 3-point ternary scheme
and modified it by atension parameter which generates
family of C! and C?limiting curves for certain range of
tension parameter. Siddigi and Ahmed [6] proposed a
new five point approximating subdivision scheme for
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A Family of 2n-Point Ternary Non-Stationary Interpolating Subdivision Scheme

the generation of smooth limiting curves. Bari et. al. [7]
worked on the 3n-point quaternary shape preserving
subdivision schemes.

The important schemes for applications should allow
controlling the shape of thelimit curve and being capable
of reproducing families of curves widely used in
Computer Graphics, such as conic sections and
polynomials. Initially, stationary subdivision schemes
are established but they do not have the capability to
produce conics. Later on, the work on non-stationary
schemes grows rapidly which can produce conics. Jena
et al. [8] proposed 4-point binary non-stationary
interpolating scheme. This scheme reproduces elements
of the linear space spanned by {1, sin(ox), cos(ox)}. A
non-stationary uniform tension controlled interpolating
4-point scheme with a single tension parameter having
C! continuity was proposed by Beccari et. a. [9]. A 4-
point ternary interpolating non-stationary scheme
spanned by{ 1, sin(ox), cos(ox)} was proposed by Daniel
and Shunmugaraj [10]. Bari and Mustafa[11] proposed a
family of 4-point n-ary interpolating scheme. They also
worked on odd-point non-stationary interpolating
subdivision scheme [12]. Conti et. al. [13] introduced a
new equivalence notion between non-stationary
subdivision schemes, termed asymptotic similarity, which
is weaker than asymptotic equivalence. Novara and
Romani [14] defined the building blocks to obtain new
families of non-stationary subdivision schemes. Mustafa
and Ashraf [15] presented a family of 4-point odd-ary
interpolating non-stationary schemes. The common
criteria to evaluate the quality of a subdivision scheme
are smoothness and shape preserving properties. The
ideaisto construct a2n-point (for any integer n>2) ternary
interpolating scheme with the ability that the masks of
the proposed schemes with suitable tension parameter
converge to stationary schemes and preserve the shape
of initial polygon dueto interpolating behavior. Bari [16]
discuss the non-stationary work.

In this paper, Section 2 presents some resultswhich are
useful to generate a class of non-stationary ternary
interpolating schemes. We proposed 2n-point non-
stationary ternary interpolating schemes in Section 3,
providing the user with atension parameter that, when
increased within its range of definition, can generate
continuouslimit curves. It also providesthe convergence
of proposed interpolating schemes; such schemesrepair
the draw backs of its stationary analogue [1-2,12] which
does not give the possibility to appreciate significant
modification, such that the limit curve of stationary
subdivision scheme is determined completely by its
initial control mesh. So it is not suitable to alter the
shape by the scheme itself. Furthermore, a stationary
subdivision scheme can’t produce conics, which are
useful in different applications. Moreover, the limit
curves formed by proposed schemes are more accurate
because of interpolating behavior of schemes. In
particular if theinitial control pointsare equidistant and
lie on a circle, the proposed schemes generate circle.
Other conics such that ellipse, parabola and hyperbola
are formed by taking the initial data points from their
parametric equation and in the result after applying
proposed schemes, thelimit curvewill be ellipse, parabola
and hyperbola respectively.

2. PRELIMINARIES

A ternary univariate subdivision scheme is defined in
terms of a mask consisting of a finite set of non-zero
coefficients

ak ={ak:ie z}

The scheme, in compact form, is given by a subdivision
rule

pik+lzzaik_3j p|k,| e’z

jez
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If the mask a* is independent of k the subdivision
scheme S« corresponding to the mask a* is called
stationary otherwise it is called non-stationary.

Definition-1: Two ternary subdivision schemes S and
S areasymptotically equivalent if

Y SEEER
k=0

Where

k k
= max{Z‘asi‘,Z‘asm
iez ieZ

< oo

ls.

k
'Z‘asnz
ieZ

|

The idea behind asymptotic equival ence was presented
by Dynand Levin[17]. The proof of thefollowing theorem
followsexactly similar by [9] to the proof of the theorem

givenin(Theorem-8, [17]).

Theorem-1: Let S and S betwoternary non-stationary
and stationary subdivision schemes, respectively, having
finite masks of the same support. If stationary scheme S,
isand isWHSak *San << then the non-stationary scheme
Sa" iskéom

Construction of subdivision schemes using Lagrange
interpolation was presented by Deslauriers and Dubuc
[1]. We also use L agrange polynomial to construct aclass
of non-stationary schemes. Here we define Lagrange
fundamental polynomials of degree 2n and 2n-1 for any
integer n> 2 corresponding to nodes {x; }f(n_l) and {x; }f(n_z)

respectively,

n X—X

L ()

X, =—(n-1)mex;

Lom=~(n-1~n-2)...n ()
X]

m_

Wherexj =-(n-1),...,nand

n

Lin (x)

x;=—(n-2)mex; m=X;j

WherexJ =-(n-2),...,n.

By using algebraic operations on the fundamental
Lagrange identitiesin Equations (1-2), we get following
Equations (3-4):

3¢

wherem=- (n-1), -(n-2),...,n, and

(-1)"(3n—1)
33n—2 (1— 3m)(n - 1)! (3)
1)"™(n—m)(n+m-1)

(-1)"(3n-1)(3n-4)
m( 1]_ 3 *1-3mn-2) _o @
"3 ()""(n-mi(n+m-2) o,

implies

() S term—(o-21--3h.
2

where

(-1)"(3n—1)(3n—4)

77 A 3m)(n-2) ®
and
o,= (- (n-m)!(n+m-2)! 6)

Further, for m=- n+1in Equation (3), we get

_yan( 1) anaf 1) (-1)™(3n-2)
7s=bn (Ej =t [§J T G- 2)n-Dn-minrm-1 D

Furthermore, we have

(1) anaf 1) (-1)™(3n-12)
7e=bn (§J =t (Ej 33 2(3n-2)(n-1)(n—mY(n+m-—1) ®

wherem=- (n-2), -(n-3),...,n. For moredetail, wemay refer
to[18].
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3. 2N-POINT TERNARY INTERPOLATING
SCHEME

In this section, we present general explicit formulae to
construct the mask of 2n-point ternary non-stationary
interpolating subdivision scheme.

For n>2, themask of 2n-point ternary interpolating scheme

is
ps = pf
kO kan K
p3i:1= Z/Lr’n Pitm+
me—n ©
kel Sk ok
Pse = D Pl
—(n-1)

Thefirst weight ,uf;ﬁ“ for m=- nisformed by introducing
the parameter o, sine function and triadic subdivision
Py inawell defined manner. The other weights z*;2"

form=-n+1,...,n-1areformed by perturbing the Equations

(5-8).

(10)

substituting n=2 in Equations (9-10), we get new 4-point
ternary interpol ating schemewith parametero.

p|§i+1 = pik
p:g:ll = ﬂlz( o pik—l + ﬂ1k 4 pik + ﬂg o pik+1 + ﬂl—(i4 pik+2 (11)
p'éﬂlz = ,1151’4 pik_l + ,Ulo( o pik + ,Ulk o pik+1 + ,Ulz( '4 pik+2

where

(2 . ( 5w
k4 Mgaet) M gpget

e == (5
sn 3k+1 sn 81.3k+1

Next, wewill prove that the scheme convergesand is C?

Now weintroduce the normalized scheme (corresponding
to Equation (11)).

(o
g 3k+1
s

(10 {5
Nogr *S 9.3
2

i
: 1 2 :
sn—z| s ¥ s T s

The normalized schemeisdefined asfollows:

s"i(g.s 1] Sislg“%_lm (12)

8131

k4 k4 k4 k4 _
Ty =

NI N

1
T

k+1 k

Pa =B

K+l _ k4 -k K4 Kk , o k4 kK k4 .k
Paa=02" Pigt 01" B +0p" Prya+ 01 Py (13)

K+l _ k4. k K4 Kk | oK ok K4 -k
P3i2=0_1 PtV B 0" Pty Py
where

k.4
k4 _ M P
| —Zk’4, 1=-1,0,1,2 (14)

Notethat the sum of coefficients of normalized schemeis
equal to one.
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Substituting n=3 in Equations (9-10), we get new 6-point
ternary interpolating scheme with free parameter o

p§+l plk
P = 150 P, + 5 O ply + O ot + i Pl + p|+2+#-2 [

Piih = kP pl o + Pl + g O pl + 1 Ol + Dl o + 1Pl

where

sin sin 40w
1158 = 81. 3"+1 729 3kt
K6 =

S ”(3k+1 j S n( ]

and

729.3*

The normalized scheme (corresponding to Equation (15)).

sin(i) sin(i80 ) sin[i‘?zo) sin[ileo)
s _ ot 81.3*" 81.3* N 81.31

T
P g g = T A "
sin 3T sin 3T sin e sin 3T

w

sin 64 sin 40 sin 8w
81.3%** + 81.3%* B 729.3%* P

sin(%j sin(%] sin(729§3k+1j ' (16)

Thenormalized schemeisdefined asfollows:

k+1

p3| (I
p;ill_Uk6p|k2+vk6p|k1+vk6p|k+Uk6p|k+1+ k6p|k+2+ p|+3!
Pis = U5 P, + 0P Pl + o o Pl + 0l pl, + 0 pl, + 0 Pl 17)
where
k,6
ke _ M C_
1)i ~ k6! I = _21_1¢ 051’2!3' (18)

Notethat the sum of coefficients of normalized schemeis
equal to one.

Remark-1: Thegenera formfor theweights of normalized
schemesfor n>2 can be written as:

k,2n
Uk,Zn _ zui
i ~ _k2n’?

V4

=-n+1...,n

3.1  Convergenceof 4- and 6-Point Ternary
Schemes

By USing thelna:]ualltles %2% for 0<a£b<% acsca<besch for 0<a<b<%
sna 1 n .
asa<— | or cca<—— -
and a ( am) for 0<a<—, we will show that
proposed non-stationary schemes are asymptotically

equivalent to existing stationary schemes.
Lemma-1:

For 4-point non-stationary scheme Equation (13)
following inequalitieshold:

a)cos( k*lJ
i) oot (8L
ol 1)
(i) 2—3—“’530543 -3
COS[mj
81.3
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(iii) :+3wcos( S0 stlk"‘35+3w

27.3 9
EANwaE AL SR e Cr
. - - SV, S| -——® |COS| ——+
(IV) QCOS(%) cos( 5k lj 9 813"
3 81.3"

Proof. We present the proof of (i) and the proof of (ii), (iii)
and (iv) aresimilar.

z 7sin @ ) sin[i sin| —— sin[i sin[ 5o
301 . 9341 . 9.3¢ 93¢t 8131

1
. 1 . 2 " 1 " 2 " 5
sin| gor sin| gox sin| 5ot sin| gor sin| g1 grt

Again consider

(2]
3k+1
1
3k+1
> >
) 10 5 2 50 -
3k+1+9.3k+1 9.3k+1_9.3k+1_8l.3k+1
1 2 1 2 5
3k+1 3k+1 3k+1 3k+1 81'3k+1

IA

Thisproves(i).
From Lemma-1, weget following lemma.

Lemma-2:

: . 11 11
For scheme Equation (13) with @=- --cuforue (E@j ,
we have

11 5
T e e
1.1 _a_\ 15 6 813

0 BT CO{ 1 J

W
53
i 5,118 6 ke 13 1
(II) 9 { 3 )SUO S18+6u
cod 2
81.3k+1
52
(iii) 5 {_1 1 \eost 18 kel l‘“‘sl—iu
9 18 6 81.3<* 18 6
F30
_ 1 18 a1 1 5
@iv) 2 5 )0 S( 1s+6u)°°{81.3k+1j
9co 3k+1 co 81.3k+1

Lemma-3:

For scheme Equation (13) following inequalitiesalso hold:

) v - < CO(Sgkj

1
(i) e B SCl(szkj
CO{kﬂj
81.3
5 5w 1
(i) o _(9 " 3“’00{ 27.31 n - CZ(SZk j

(iv)

k.4 1 @

1
9 co 3k+1 co 81.3k+1

where constants C,C,,C,, and C, are independent of k.

Proof. The inequality (i)can be proved by using (i) of

Lemma-1 and using the trigonometric identities,

cosa-—cosb = —ZSin%bsina%b andsna<a:
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3 o 3T 3

Thisimplies

1 3268w 1
k,4 _ <|—|| —— S C o
‘U—l (’0( ( 32k j( 59049 cos(l)J O[ 3% )

Theproofsof (iii), and (iv) are similar.
From Lemma:3, we get following lemma.
Lemma-4.

i i ot 1 11
For scheme Equation (13) with, ©=-7¢ Gu,fOFUE(15,9],

for followinginequalities hold:

1 1) (1
@) U-ki4_(_18—euj 500(3%)
5
5 1876 (1
(i) i 5 Sc{sﬂj
Cos k+1
813
5.5,
ka |5, 1 1 18 6 (1
@iy % 9*3[ 18 e“j“’s BLIT 2(3%]
e
k.4 1 18 6 1
W % — e sslF)
9cos 3 cos 1834

where constants C;,C;,C,, and C; areindependent of k.

Remark-2. From (i-iv) of Lemma-4, we observe that

ka 1 lu,\)f‘4 - —E—lu.\),"" N —l—lu.anduf“ N —L+lu, ask — o
8 6 18 2 18 2 - 18 6

This means that the mask of the scheme Equation (13)
oo L1 11

witho = 86 u,foru e (15,9j convergeto the mask of

thescheme[2].

Similarly, for o = —%, in Equations (9-10) and by proving/
using similar inequalitieslikein Lemma-1 and Lemma-3,
we get non-stationary counter part of stationary schemes
of [1] respectively.

Theorem-2: The proposed 4-point non-stationary

scheme Equation (13) with © = L Liue [L~1] 5C°,

Proof. We claim that

S k
S#(s, -8 <
k=0
where
S, -S| = max{zaksj —a,|iie 0,1,2,3}
jez

From scheme S, defined by Equation (13) with

w=-—-1y and scheme S of [2] (also seethe Remark-2)

18 6
vfi“—[—i—luj +[v
18 6

v“—(l—luj +
1 18 2

From (i) of Lemma-4, it followsthat:

8 - NN
18 6

Similarly from (ii), (iii) and (iv) of Lemma-4, we see that

> s, s =D
k=0 k=0

S 32k

< 1
< 232kc0[32k] < oo

k=0

other terms are also lessthan co. Hence 3 (s, - ;| <
k=0
Since stationary scheme of [2] isC? therefore by Theorem-

2, proposed scheme Equation (13) with = —él—%u isC?,
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Now we will discuss the continuity of 6-point scheme
Equation (17). For thisfirst we will prove the following
lemmas. Proof of these lemmasis similar to the proof of
Lemmeas-1-4.

Lemma-5:

For 6-point non-stationary scheme Equation (17),
following inequalitieshold:

) < kb < @
0) OsvE =T
CO! F
10
(ii) _ 10 spcpksc 23 T
243 - { 8 j
7293+
160
(i) 190100 < 208"
<okb< .
co: 3k+1
40
: 40 - 8l 100
iv 2 _10m<vkt < -
V) gl sh 4 8
co: 3k+1 co: 729 3k+1
k)
32 o 243
(V) —%‘FSWSUZ' <

. —-—w<y°< -
(vi) 243 243 cos| zkij cos Lkl
3 729.3

From Lemma:5, we get following lemma:

Lemma-6:

7 llj

For scheme Equation (17) with w—f—ﬂfom [gnvﬁ ,

we have

5
. i _9< Uk 6 < L
0] 243 1
co 3k+1
35
-——+58
- 35 k.6 243
(i) ——— 459V s —F2——
243 8
CO{ k+1j
729.3

0 -10¢

O _100< k¢ <81

iii 81 - 6
3k+l

40 10(i - 19)
. 70 .6 243
(iv) %+1019< v;” < -
CO{ k+1 j S( k+1 J
3 729.3
_ 5y
7 k.6 243
B ) .« B—
(v) 243 vz { 8 j
Co: K+1
729.3*
5 —
(vi) <vy®<
243%{ k*lj S[729 3k+1j
Lemma-7:

For scheme Equation (17) and from Lemma-5, following
inequalitiesalso hold:

O f-dsel )

. 10 1
@ _[_ 243 _SQ’] = gl(e?]
160 1
(iii) vEs - [E +10a)j < gz(?j

(iv) vy - (22 - 100))

k.6 32
P | ——+5
(V) (2 [ 13 + wj

W)  [o° —[%+ wj

where constants g,,9,,9,,0.,9,, and g, are independent
of k.

From Lemma:7, we get following lemma.

Lemma-8:

For scheme Equation (17) with o= % - v, for de [9%2%)

and from Lemma-6, following inequalitieshol d:
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(i)

(
W —[7 . wj
(

(iv) vl“’—(

v) vEe — (— - 5&)

. s (1

(vi) 0© -4 < 95(37)

where constants g,91,95-05,9, ahd g areindependent
of k.

Remark-3: Itisto be noted that for negative values of @
the trigonometric inequalities do not affect the proof of

our mainLemmas-3and 7.

Remark-4: From (i-vi) of Lemma-8, we observethat the
mask of scheme Equation (17) with = 2%-&,3 e[%%)

convergesto the mask of the scheme S of [11].

V5 > S 8,0 — 35, 59, vf° — 0 109, vf° — 0 +100, vk° — - sy
243 243 81 273 243

and

k,6

V" > B ask > e

Similarly, for n=3, o= % in Equations (9-10) and using
similar inegualities as in Lemma-5 and Lemma-7, the
proposed Equation (17) scheme becomes non-stationary
counterpart of the 6-point stationary schemes of [1]

respectively.

Theorem 3.10. The proposed 6-point non-stationary

; ; -5 A
scheme Equation (17) with @=- --0.forde [972.1215j
isC2

Proof. From schemedefined by Equation (17) with

- 0.0¢ [ 5mg a1z | and schemesS, of [1] (also seethe

0=——-1,
243

972'1215
Remark-4)
Sels,-s)-5o (73 ot 52100t 100) -
k=0 < v;“’—{—%—sﬂ) +‘u§‘5—19‘

By using inequalities (i-v) of Equation (17), we see that

> s, -8 <=
k=0

Since stationary scheme of [17] is C?therefore by
Theorem-2, proposed scheme Equation (17) isC2.

3.2  Comparison

If the initial control points are chosen as the values at
equidistant points of a function f(x)e span{ cos(x),
sin(Bx)}, 0< B < &, then thelimit function of the schemeis
the original function. In particular, if the initial control
pointsare equidistant pointsand lieon acircle, the scheme
generates a circle. For example we can take the set of
equidistant points p?=(aco{27m”j,b5if(zwm”j}ie Z and
m=0.1.2....,N, N>4, it gives initial control polygons to
check the behavior of proposed 4-, 6-point non-stationary

schemes.

We can comparethe exactness of limiting circlesgenerated
by different non-stationary subdivision schemesby using

following distance function.

dkzmaxi‘pik—é ,iez

—mini‘pik—é

where plk are control points generated by subdivision
scheme at k-th level of iteration for k>0 and () is the
originof circle. Thedeviation error d, will be zerofor the
initial control points plO lying on thecircle. If d,_= O for
large k then its mean scheme produces exact circle. The
maximum deviation of an exact circlewiththelimiting circle
can be calculated by d,. Table 1 showsthe deviation error
of different limiting circles produced by proposed non-
stationary subdivision schemes. Theinitial control points
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inFig 1(a-d) aretaken by the parametric equation of ellipse, subdivision scheme. Fig 2(a-f) shows the graphical
parabola and hyperbola respectively and limit curve in representation of deviation error of proposed scheme at
Fig 1(a-d) areformed by applying proposed 4-point ternary different level.
TABLE 1. DEVIATION ERROR OF PROPOSED SCHEMES. HERE N REPRESENTS INITIAL CONTROL POINTS
Schemes N Deviation Error N Deviation Error N Deviation Error
4-Point Proposed 4 0.11427 5 0.05058 6 0.02540
6-Point Proposed 4 0.05075 5 0.02812 6 0.00562

(a) CIRCLE (b) ELLIPSE (c)HYPERBOLA (d) PARABOLA

FIG. 1. SOLID BOXES INDICATE THE INITIAL CONTROL POINTS. SOLID CONTINUOUS CURVES ARE GENERATED BY
PROPOSED 4-POINT TERNARY NON-STATIONARY INTERPOLATING SCHEME

Proposed 4-point scheme

Proposed 6-point scheme

0.19] Proposed 4-point scheme
0.181 0.181 0.111
0.171 0.16 0.101
B 014 £ 012 £ 008
= .13 = .10 =007
) ' 0.06-
0.121 0.08. .
0.111 ‘ 0.057
010, 0.6 0.04/’/_i
; : : : 0.04- 0.03
1 2 kg 3 4 1 ! kg 3 4 1 7 3
(@) 4 INITIAL POINTS (b) 4 INITIAL POINTS (c) 5 INITIAL POINTS
Proposed 6-point scheme .
o1 Proposed 4-point scheme Proposed 6-point scheme
0.10° 0071 0.07;
5009 0.06- 0.061
=008 £ S 005
=007, & 005 = 004
0.06+ = 0.04- (=] 0.031
0.05 i
004] 0.03- 0.02
’ 0.014
0.03- - , , ‘ - -
i 1k 3 4 1 2 kg 3 4 1 2 ok 3 4
(d) 5 INITIAL POINTS (e) 6 INITIAL POINTS (f) 6 INITIAL POINTS

FIG. 2. GRAPHS SHOW THE DEVIATION AT FIRST, SECOND, THIRD AND FOURTH LEVEL USING 4, 5 AND 6 INITIAL DATA
POINTS
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4. CONCLUSION

By using Lagrange identities we construct new families
of univariate ternary non-stationary interpolating
subdivision schemes for curve design with a single
tension parameter which enable the scheme to produce
more precise result. The proposed schemes are non-
stationary counterpart of the existing stationary schemes,
so the parametric ranges of continuity of proposed non-
stationary schemes are same as that of the counter
stationary schemes. In future work, proposed family of
schemes can be extended for arbitrary topological
surfaces.
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