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ABSTRACT

In this paper, we investigate numerically the effect of thermal boundary conditions on conjugated
conduction-free convection heat transfer in an annulus between two concentric cylinders using Fourier
Spectral method. The inner wall of the annulus is heated and maintained at either CWT (Constant Wall
Temperature) or CHF (Constant Heat Flux), while the outer wall is maintained at constant temperature.
CHF case is relatively more significant for high pressure industrial applications, but it has not received
much attention. This study particularly focuses the latter case (CHF). The main influencing parameters
on flow and thermal fields within the annulus are: Rayleigh number Ra; thickness of inner wall Rs;
radius ratio Rr and inner wall-fluid thermal conductivity ratio Kr. The study has shown that the increase
in Kr increases the heat transfer rate through the annulus for heating at CWT and decreases the inner
wall dimensionless temperature for heating at CHF and vice versa. It has also been proved that as the Rs
increases at fixed Ra and Rr, the heat transfer rate decreases for heating at CWT and the inner wall
dimensionless temperature increases for heating at CHF at Kr <1. The study has also discussed that the
effect of increase in Rs for both cases of heating at Kr>1 depends on Rr. It has been shown that for certain
combinations of controlling parameters there will be a value of Rr at which heat transfer rate will be
minimum in the annulus in case of heating at CWT, while there will be a value of Rr at which inner wall

dimensionless temperature will be maximum in case of heating at CHF.

Key Words: Fourier Spectral Method, Finite Difference Method, Free Convection, Conjugate Heat

Transfer, Concentric Annulus.

1. INTRODUCTION

uoyancy driven flow and associated heat include thermal storage systems, solar collector-receivers,
transfer in an annular enclosure between two underground power transmission cables, cooling system
concentric/eccentric circular walls has long in nuclear reactor and many others [1]. The heat transfer
been investigated because of its pertinence to many in such geometry occurs as a result of temperature
practical engineering applications. These applications difference created due to heating of one wall and cooling
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the other. The heating process may be done at either
prescribed wall temperature or prescribed heat flux. The
present work considers heating the inner wall at either
CWT or CHF while outer wall is cooled and maintained at
constant temperature. The case of isothermal heating
(CWT) approximates the cooling of microelectronic
equipment while dissipation of heat generated within an
underground power transmission cables from its surface
to the surrounding enclosure is a practical example of
heating at CHF [2].

Buoyancy driven flows within annular enclosures have
been studied both numerically and experimentally by a
number of authors [3-26]. These previous studies may be
categorized based on heating at CWT [3-21] or at CHF
[22-26]. In case of CWT the most early and reliable
experimental and numerical work on natural convection
within concentric annulus containing air or water was
done by Kuehn and Goldstein [3], who used Mach-
Zehnder interferometer to conduct the experimental study
and performed numerical investigation using finite
difference method. Since then, CWT case has been further
examined by a number of researchers [4-21] who
conducted experimental and theoretical works not only
to investigate the effect of different controlling parameters
such as Prandtl number and different geometry
configurations on heat convection within such annuli,
but also to verify various numerical and experimental

techniques.

In case of CHF heating, only a few studies were reported
for natural convection within concentric annulus [22-26].
Kumar [22] showed that wall temperature is a function of
diameter ratio and Rayleigh number. On the other hand,
Castrejon and Spalding [23] made an experimental and
theoretical study of transient free-convective flow
between horizontal concentric cylinders. Yoo [24]
discussed flow pattern of natural convection while Yoo

[25] studied dual free-convective flows in a horizontal

annulus with constant heat flux on inner wall. Ho, et. al.
[26] conducted a numerical study of natural convection
in concentric and eccentric horizontal cylindrical annuli

with mixed boundary conditions.

The thermal boundary conditions definitely affect the flow
and thermal fields within the concentric annulus. A
common practice adopted by heat transfer community, as
can be inferred from previous works [3-26], is to prescribe
thermal boundary condition at the fluid-wall interface.
Consequently, energy equation of fluid alone has to be
solved and numerical results become unreliable for wall
having high thickness or low thermal conductivity. In
most of high-pressure industrial applications, thickness
of wall is high and conduction in solid wall needs to be
coupled with convective heat transfer in fluid (named as

conjugate heat transfer).

The effect of conjugation for Newtonian fluid in a
concentric annulus was considered by Kolesnikov and
Bubnovich [27]. The authors investigated conjugated
conduction-free-convective heat transfer in horizontal
cylindrical coaxial channels subjected to CWT heating.
The case of CHF heating is more relevant to industrial
applications than CWT case but it has not been widely
investigated so far as per author’s best knowledge. The
objective of this study is to investigate conjugate heat
transfer through concentric annulus, heated either
isothermally or through constant heat flux with focus on
the latter case (CHF). Moreover, the study aims to provide
accurate numerical results by adopting numerical solution

based on Fourier Spectral method.

2. PROBLEM FORMULATION AND
SOLUTION

Fig. 1 illustrates the physical domain of the problem which is
the annulus space between two long concentric cylinders.
The inner cylinder has inner radius r, (heating side) and

outer radius r ; (fluid side), while outer wall has radius r . The
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fluid media is assumed to be Newtonian, Fourier and
incompressible. Newtonian implies that the stress tensor is
linearly related to rate of strain tensor. Fourier fluid is the
one for which conduction part of the fluid is linearly related
to the temperature gradient. The inner cylinder is impulsively
heated from its inner side either at constant temperature T,
or through constant heat flux q,. The temperature of outer
cylinder is cooled and maintained at constant low
temperature T . The resulting buoyancy driven flow between
concentric cylinders is assumed two dimensional and laminar.
The density of fluid is constant excluding the buoyancy

term where it varies according to Buossinesq approximation.
2.1 The Governing Equations

For Buoyancy driven flow, time dependent governing
equations of mass, momentum and energy in Cartesian
coordinates in terms of stream function, vorticity and
temperature for the above mentioned problem can be written

as:

o0& oy 05" oy’ 0&' 1 OF,
08 Vo WL e 1% o
or oy ox ox oy p Oy
A
X

A

CWT or CHF
heating

Newtonian Fluid

FIG 1. GEOMETRY OF THE PROBLEM TEMPERATURE AT
OUTER WALL T, CARTESIAN COORDINATES (X,Y) AND
POLAR COORDINATES (r.6)

§¢ _ Vzl//, (2)

Energy equation in fluid part (r ,<r<r)

—_—— = +
or Oy Ox Ox Oy ox* oy’

or oy'or oy’ ar (62T asz
In the solid wall of the inner cylinder (r, <r<r_) the

energy equation can be written as:

or o’r .\ o’r
R
52’ s dx2 6y2 (4)

Where 7 is the time, W’ is the stream function, {’ is the
vorticity, 7 is the temperature, p is the density, v is the
kinematic viscosity and F = pgB (T-T ) is upward
buoyancy force F_ .k, o and k, o are thermal conductivity

and thermal diffusivity of the solid and fluid respectively.
2.2 Initial and Boundary Conditions

Initial conditions are required since the governing equations
are time dependent. The inner wall of annulus is heated
instantaneously at t = 0 either to CWT T, or to CHF q.. The
outer wall of concentric annulus is maintained at temperature
T.

o

Boundary conditions at inner wall heating side

oT
T =T forCWTq =k, — = ¢, for CHF )

0s,

S, is the direction of heat flux normal to surface.

Boundary conditions at inner wall fluid side

y'=——=——=0 ©)

Boundary conditions at outer wall
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And using the modified polar coordinates (5,9) as

4

X =e"cosl,y= e sin @ , Equations (1-4) can be written

as:

o oo + ! Je % Ra Pr|:a—¢ sin 6 + o cos 9j| (9)
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Energy equation in case of solving in fluid domain
op |0’ 0’¢| owop oy og
e Il an
ot o0& 06 dy 06 06 d&
Energy equation in case of solving in solid domain
op a |d¢p ¢
S =T a e (12)
ot a|o& 06

Where J=e*, (€= In R) is the Jacobian of coordinate
transformation matrix, Pr = v/o is the Prandtl number,
Ra=gB(2r,)* AT /vo is the Rayleigh number (called
modified Rayleigh number, Ra_ in case of CHF) and AT
is the reference temperature difference and is =TT, in
case of CWT while it is = q, r/k in case of CHF. The
definition of Rayleigh number (=gBL’AT, /vo) was used
in the previous works and thus is used in case of

comparisons with those works.

These steady boundary conditions in the modified

coordinates can be expressed as:

oy 0 o 1
v=2 0.2 0 andg = 1ior GWT, while 22 = L for cHE (13)
o e % ke

Atinner wall§ =&

At solid-fluid interface § =&

_0, Y g Y [l
y=0ce a@—O,e af—O,andks o wﬁd—kfafﬂm (14)
Atouter wall§ =&
0 Oy
w=—=0,—=0,and¢ =0 (15)
00 o¢

2.3 Method of Solution and Numerical

Procedure

The process of solving the governing Equations (9-12) in
modified polar coordinates along with the boundary
conditions Equations (13-15), is based on Fourier Spectral
method [28-30]. In this method, the stream function,
vorticity and temperature are approximated as a Fourier
series expansion. This approach is related to that used
by Mahfouz and Imtiaz [1], Collins and Dennis [28], Badr
and Dennis [29] and Mahfouz and Badr [30]. The
dimensionless stream function, vorticity and temperature
are approximated using Fourier series expansions as

follows:

E= ég" sin(nﬁ) (16)
V=21, sin(n6) (17)
¢= z" IZZ‘,IH" cos(n@) (18)
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f,g,H and H arethe Fourier coefficients and Equations
(9-12) are replaced by their respective Fourier coefficients.
The resulting equations (after multiplication at a time by
1, sin(nB), cos(nB)) are integrated with respect to 6

between limits 0 and 27t. These equations can be written

as:
2608 _ 08 n0 s (n=12,.N)
e ot =p 652 ng, 1n n=1L2z,.. (19)
o’ f
28 n 2
e =—>-n
g, o¢? S (20)
26 0

v _ Ho _i Ho _ 2 0 S2n

or \H,) o\ H, " H, + S5, @n
260 _(H,)_a | 0 (Hy)_ 5 0

“a \u,) aloz\u,) " \H, @)

Where S |, S

In”> ~2n

and S, are all easily identifiable functions of
€ and t. The boundary conditions in term of Fourier

coefficients can be expressed as:

OH 2 OH,
¢ =—— —" =0 for CHF (23)
oc Kr o

AtE=¢ - H, =2,H, =0 for CWT while

_, o, o, OHo| _, oH,

Atf—é:f . ks Y ©olid %% 65 /[“,d> s oc solid kf ag i (24)
8

Atg:go:Hn:H(?:f;’l:agzo (25)

Equation (20) is multiplied by e ™ and then integrated
withrespectto & fromE =& to &= . Afterusing Equation

(24), the resulting equation can be written as:

fo e( 2_n)ég”dé‘ =0

:, 6)

Equation (26) is used for calculating the g_on the fluid side
of the inner wall while g at outer wall can be calculated by
using Equation (20) directly. Finite difference method is
used for discretization of differential Equations (19-25)
where all spatial derivatives are computed using central
finite difference scheme. The first derivative on inner side
of inner wall and at outer wall is approximated by second
order accurate forward and backward three point finite
difference scheme respectively. Equations (19, 21-22) are
parabolic in time and are solved using Crank Nicolson

scheme.

The numerical solution starts with eight terms only in the
Fourier series and one more term is added when the last
term exceeds the specified tolerance. The maximum number
of terms depends on the Rayleigh number, heating method
(CWT or CHF), radius radio and Kr. Upper limit for maximum
number of Fourier terms is 35 for all cases considered in
this work. The resulting coupled nonlinear system of
equations has been linearized through an iterative
procedure at each time step and has been solved by
TDMA (Tri-Diagonal Matrix Algorithm). More details
about solution procedure are given by Badr and Dennis

[29] and Mahfouz and Badr [30].
2.4 Heat Transfer Parameters

The local Nusselt Number at the inner side of inner wall and

at the solid-fluid interface is defined as:

Nu, = M ,Nug, = Ay (erf) -
Ky ATy kAT,
Where

oT oT
.= —k -— 1, = —k e

Similarly the local Nusselt number at the outer wall is defined

as:
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q,\2r, oT
Nu, = ( )’% :_kf(_) 28)

n

The equivalent thermal conductivity along inner and outer

wall is defined as:
K - Nu
“ N ucond (29)

Where Nu is the local Nusselt number either for inner or
outer wall of the concentric annulus in case of zero thickness
of inner wall. Moreover, Nu_ . is the Nusselt number when
heat transfer through concentric annulus occurs only due
to the conduction mode of heat transfer and it depends
=2/InRr.

upon radius ratio i.e. Nu
cond

The average Nusselt number can be seen as a dimensionless

heat transfer rate at the wall and can be defined as:

1

Nu=— 2" Nud@ (30)
21

In terms of Fourier coefficients, the average Nusselt number

at the two sides of inner wall can be written as:

— OH OH
Nu; = —Kr ,Nu_, =—
o¢ ). o0& o

usf

And at the outer wall as:

Nu, = —( o, J
o ),

The py, calculated from Equation (30) is used to quantify

@D

the heat transfer rate through the concentric annulus. At
the steady state, the energy conservation entails that
Nu atheating side of inner wall would be equal to that of
fluid side and both become equal to that of outer wall.

That is, at the steady state the Niul = Nuy = Nu, .

In case of heating at CHF, the rate of heat transfer is
known (heat flux multiplied by surface area) and for this
case the most important parameter is the inner wall
temperature which should be controlled in order to avoid
the overheating of the annulus for industrial purposes.
The value of ¢ for either side of the inner wall is calculated
from Equation (18) and the corresponding mean

dimensionless temperature is then calculated as:

5:L 2/r¢d9

5 ®

3. RESULTS AND DISCUSSION

The governing equations along with the boundary
conditions for both heating cases (CWT and CHF) are
solved in order to give the details of both flow and thermal
fields. The influencing parameters on conjugate heat
transfer in the annulus are Rayleigh number Ra, Prandtl
number Pr, radius ratio Rr(=r /r,), thickness of the solid
wall given by Rs(=r /r,) and the thermal conductivity of
solid wall relative to that of fluid Kr (= k_/k,). This study
considers Ra up to 10°, a range of Rs from 1.0-3.0, a range
of Kr from 0.25-100 and a range of Rr from 2-10. Pris fixed
at 0.7 for all cases except for the qualitative validation in
case of CHF (Pr is taken as 0.01).

Before producing the numerical results, the validity of
mathematical model and numerical technique has been first
assessed by comparing the present results with the
previous reliable results for the cases of CWT and CHF.
The available results for both heating cases are only
associated with horizontal concentric annulus having zero
thickness of inner wall. The most pertinent previous work
for CWT heating is that carried out by Kuehn and Goldstein
[3]. Fig. 2 shows the qualitative comparison for streamlines
and isotherms in CWT case and it shows that good
agreement is achieved. Similarly, Fig. 3 shows quantitative
comparison for K., with the experimental results of Kuehn

and Goldstein [3] in CWT case and again a good agreement
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is obtained. In order to verify the numerical model for CHF
heating, a comparison with the work of Yoo [24] is made
and the results of streamlines and isotherms are shown in
Fig. 4. The figure shows that the present results are in
good qualitative agreement with the numerical results of
Yoo [24]. The quantitative comparison for CHF case is
done with numerical results of Ho et. al. [26]. Fig. 5 shows
good agreement between the present results and the

numerical results of Reference [26].

In the following sections, the results that show the effect
of controlling parameters on fluid flow and heat transfer
characteristics for both heating cases (CHF & CWT) are
presented. Section 3.1 considers the case of CWT while

section 3.2 considers the case of CHF.

3.1 Heating at CWT

In case of heating at CWT the main target is to study the
effect of controlling parameters on heat transfer rate
exchanged through the annulus. The steady state heat
transfer rate through the annulus depends on the overall
thermal resistance between the two cylinders. This thermal
resistance can be treated analogously as two electrical
resistances in series. The first resistance is the conductive

resistance due to solid wall of inner cylinder while the

(a)

combined effect of conduction and free convection within
fluid in the annulus can be considered as the second
resistance. The conduction resistance depends on the
thickness of conductive space and its thermal
conductivity where it increases with the increase of the
former and decreases with the increase of the latter. The
convection resistance mainly depends on Ra and the
space of the annulus. It decreases as Ra increases and

gl 1 1 . m

1 R T N R NI

Num Present
® Exp Ref. [3]

\ Inner wall

FIG 3. STEADY EQUIVALENT THERMAL CONDUCTIVITY
DISTRIBUTION ALONG INNER AND OUTER WALLS OF THE
ANNULUS AND COMPARISON WITH [3] EXPERIMENTAL
RESULTS FOR CWT CASE AT Ra, = 5 X10%, Rr = 2.6, Rs = 1
AND Kr =1

(b)

FIG 2. STEADY STREAMLINES (LEFT HALF) AND ISOTHERMS (RIGHT HALF) FOR CWT CASE AT Ra, = 10°, Rr = 2.6, Rs = 1 AND
Kr = I (a) PRESENT (b) REFERENCE [3]
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conclusions are delineated through the following figures,

tables and discussions.

The thickness of inner wall is a critical design parameter
in high pressure systems such as nuclear reactor.
Moreover, the variation of inner wall thickness impacts
the heat transfer through the annulus. Fig. 6 shows the
effect of inner wall thickness (represented by Rs) on the
flow and thermal fields in the annulus. The figure shows
the streamlines and isotherms at Ra=10*, Rr=5, Pr=0.7,
Kr=1.0 and at different values of Rs. It can be observed
from the figure that the increase in Rs results in a reduction
in the convection currents intensity as appears from the
decrease of | | | i in the annulus. The reduction in
convective flow intensity results in decrease in heat
transfer rate (represented by pj, ) and causes less
development of thermal plume in the upper part of the

annulus.

In assembly of electronic components, the space is one
of the major constraints so this work considers the effect
of the two parameters that control the space of the annulus,
these are Rr and Rs. Fig. 7 shows the flow and thermal
fieldsatRa=10* Pr=0.7,Rs=1.3, Kr=1.0and atRr=2.0,
2.6,5.0 and 10.0. While Fig. 6 shows the flow and thermal

(a) Rej=40000

(a)

)0

fieldsatRa=10*, Pr=0.7Rr=5,Kr=1.0andatRs=1.3,
1.5,2.0 and 3.0. Figs. 6-7 show clearly that the increase in
annulus space results in higher value of | s | o and heat
transfer rate. The larger annulus space enhances the
convection currents and in turn increases the rate of heat

transfer.

Tables 1-2 represent the effect of Ra, Rr along with Rs on

the steady state heat transfer rate through the annulus

0.7 M bl 1 el N T
—————— Num Present at Ra,, =10° . n
Num Present at Ra,, =10° )
L] Num Ref. [26] - o
06 - s o
- -
- d ,'"
ljf—-__.__.—". /- —
(b [ ]
! / E
o
04— . -
‘-.’
_./ =
,LJ/”,
"
039 g 82— =
02 . —T1— .
180 210 240 270 300 330 360

FIG 5. DIMENSIONLESS INNER WALL TEMPERATURE AND
COMPARISON WITH [26] RESULTS AT Rr = 2.6,
Rs = 1.0 AND Kr = 1.0

(b)

FIG. 4. STEADY STREAMLINES (LEFT HALF) AND ISOTHERMS (RIGHT HALF) FOR THE CHF CASE OF Ra,, =4X10°, Rr = 5.0,
Rs = 1.0 AND Kr = 1.0 (a) PRESENT (b) REFERENCE [24]
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(represented by p, ) at Kr=2.0 and Kr=0.25, respectively.
Pure conduction cases at Rr=2 are also shown in Tables
1-2. In Tables 1-2 two values of Ra are considered, the
first is low (Ra = 10°) and represents a conduction
dominating case, while the second is relatively high (Ra=
10%) and represents a convection dominating case. Quick
inspection of the two tables confirms that for the same
controlling parameters the increase of Ra and/or Kr

increases the heat transfer rate through the annulus.

In conduction dominating case (Ra= 10%), it can be noted
from the two tables that the increasing Rr at fixed Rs
causes decrease in heat transfer rate (i.e. pj ), up to a
certain value of Rr and then increases again with any

further increase in Rr. The value of Rr at which heat

(b)

transfer is minimum depends on the competence between
the conductive and convective resistances, which are
dependent on Ra, Kr and Rs as can be seen in Tables 1-2.
The same thermal behavior can be observed for
convection dominating flows (at Ra = 10°) when annulus
is narrow (at small Rr and bigger Rs). In case of wide
annulus (at big Rr and small Rs) and high Ra the
convection mode is dominating, causing the decrease in
the overall thermal resistance and thus increasing heat
transfer rate. It can also be observed that at small Rr =2
and big Rs = 1.5, the values of p;, atRa=10°and Ra=
10° are very close to each other and very close to pure
conduction value as well. This can be described by the

fact that as the annulus space containing the fluid

becomes extremely narrow, it eliminates the convective

(c) (d)

FIG. 6.EFFECT OF Rs FOR CWT ON FLOW FIELDS (RIGHT SIDE IS STREAMLINESAy=2 AND LEFT SIDE IS
ISOTHERMSA$ =0.05) AT Ra = 10°, Rr = 5.0, Pr = 0.7. (@) Rs = 1.3,|)|,nax = 20 &Nt = 3.087 (B) Rs = 1.5,|)]par =
18 &Nu = 2.371 (¢) Rs = 2.0, | e = 15 &N = 1.814 (d) Rs = 3.0, [,y = 6 &Nt = 1.336

(4) (B)

(©) (D)

FIG. 7. EFFECT OF Rr FOR CWT ON FLOW FIELDS (RIGHT SIDE IS STREAMLINES & = 3.0 AND LEFT SIDE IS
ISOTHERMS A = 0.1) AT Ra = 10", Rs = 1.3, Pr = 0.7. (@) Rr=2.0, || ,nax = 0.7 &Nu = 2.890 (b) Rr=2.6, | nax =
4.4 &Nu = 2.394 (¢) Rr = 5.0, | ax = 19.0 &Nu = 2.787 (d) Rr = 10.0, || jngr = 34.0 &Nu = 2.757
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mode of heat transfer. This explains the closeness of the
to its two values at Ra = 10° and Ra =10° for pure

conduction.

On the other side, for low conductivity inner wall material
at Kr = 0.25 the increase in Rs means replacing the high
conductive fluid at low Rayleigh number with lower
conductive material, which in turn increases the overall
thermal resistance and thus decreases the heat transfer
through the annulus as can be seen in Table 2.

The thermal conductivity of material of inner wall plays a
vital role in controlling heat transfer rate through the
concentric annulus. In industrial applications, the
replacement of Aluminum with Copper enhances the heat
transfer through the annulus. In order to quantify the
effect of Kr on heat transfer rates the results of steady
Nu atRs= 1.3 and at different values of Kr are presented
in Table 3. It can be seen in Table 3 that as Kr increases
from 0.5-100, the steady state A, increases as a result of

the decrease in overall thermal resistance. This increase

TABLE 1. EFFECT OF Ra, Rs AND Rr FOR CWT CASE ON Nu AT Kr=2.0

Nu
Ra Rr
Rs=1.2 Rs=13 Rs=14 Rs=1.5
0 2.0 3.322 3.558 3.809 4.077
2.0 3.322 3.558 3.809 4.077
10° 2.6 2.328 2.433 2.543 2.657
4.0 2.123 2.067 2.017 1.977
5.0 2.347 2.286 2.229 2.174
2.0 4.538 4.154 3.995 4.112
2.6 5.066 4.654 4316 4.028
10°
4.0 5.271 4.862 4.531 4.259
5.0 5.279 4.878 4.55251 4.284
TABLE 2 EFFECT OF Ra, Rs AND Rr FOR CWT CASE ON Nu AT Kr=0.25
Nu
Ra Rr
Rs=12 Rs=13 Rs=14 Rs=1.5
0 2.0 1.613 1.351 1.175 1.047
2.0 1.613 1.351 1.175 1.047
10° 2.6 1.333 1.148 1.018 0.921
4.0 1.199 1.002 0.875 0.788
5.0 1.270 1.048 0.903 0.801
2.0 1.752 1.376 1.177 1.047
2.6 1.835 1.407 1.157 0.993
10°
4.0 1.867 1.434 1.182 1.017
5 1.867 1.434 1.184 1.019
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is low in case of conduction dominating flows while for
convection dominating flows, this increase is high. For
instance, at Ra= 10°, Rr = 5.0 the percentage increase in
steady m is 81% as Kr=0.5-100, whereas at Ra= 103, Rr
= 5.0 this percentage goes to 217%.

3.2  Heating at CHF

This section focuses on the effect of controlling
parameters on both flow and thermal fields in case of
heating inner wall at CHF. In this case the inner wall
temperature and temperature of the solid-fluid interface
are the most important parameters for the annulus design.
In case of heating at CWT, it was found that the steady
state heat transfer rate through the annulus depends on
the overall thermal resistance between the two cylinders.
Similarly, in case of heating at CHF the dimensionless
temperature of the two sides of the inner wall depends on
the overall thermal resistance between the two cylinders.
The overall thermal resistance dependence on the
controlling parameters has been discussed in case of
CWT. In case of CHF the smaller the thermal resistance,
the higher the overall heat transfer coefficient is and thus

the lower the temperature of the inner wall and vice versa.

Fig. 8 shows the streamlines and isotherms at Ra_ = 10%,
Rr=35, Pr=0.7, Kr= 1.0 and at different values for the

thickness of inner wall which varies from Rs=1.3 to Rs
= 3. It can be noted (from the figure caption) that the
increase in thickness (i.e. increase of Rs) results in rise
of local maximum dimensionless temperature at inner
wall. It can also be inferred that the reduction in the
annulus space reduces the convection current intensity
as can be observed from |l|! | wa The effect of Rs on
dimensionless stream function is similar to that for CWT
as can be seen in Fig. 6. The effect of Rr on flow and
thermal fields is shown in Fig. 9. The figure is plotted for
the case of Ra, = 10*, Rs = 1.3, Pr=0.7 at four values of
Rr=2.0,2.6,5.0 and 10.0. Fig. 7 shows that the increase
in Rr increases the convection current intensity through
the annulus and the same results were observed for
CWT case.

Tables 4-5 present the effect of controlling parameters
Ra,, Rs and Rr on the steady state dimensionless
temperature on the two sides of the inner wall at Kr=2.0
and Kr = 0.25, respectively. The two tables have
considered two values of Ra, (Ra=10°and Ra=10°). The
quick inspection of these tables shows that for the same
controlling parameters the increase in Ra, and/or Kr
decreases the dimensionless average temperature of the

two sides of the inner wall. It is needless to say that the

TABLE 3. EFFECT OF Ra, Kr AND Rr FOR CWT CASE ON Nu AT Rs=1.3

Nu
Ra Rr
Kr=0.5 Kr=1.5 Kr=10 Kr= 100
2.0 2.093 3.302 4.376 4,614
10° 2.6 1.644 2.310 2.791 2.886
4.0 1414 1.966 2.352 2.426
5.0 1.513 2.164 2.646 2.741
2.0 2.205 3.778 5.435 5.834
2.6 2.323 4.182 6.371 6.923
10°
4.0 2.381 4.347 6.820 7.500
5.0 2.383 4.359 6.862 7.556
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temperature at the fluid side of the inner wall is less than
that of the heating side. The temperature difference
between heating side and fluid side depends on the inner
wall thickness (Rs) and thermal conductivity ratio (Kr),
the less Rs and/or the higher Kr, the smaller the temperature
difference between the two inner wall sides. It can be
observed from the two tables that the increase in Rs for
conduction dominating cases (Ra = 10°) leads to increase
in inner wall temperature for Kr <1, while at Kr >1 the inner
wall temperature rises with increase in Rs only at high Rr
(i.e. Rr>2.6). The effect of increase in Rs for convection
dominating cases (Ra_ = 10°) in the annulus results in an
increase in inner wall temperature except for very narrow
annulus space (Rr=2.0) and Kr>1.

Tables 4-5 also show the effect of Rr at fixed Rs on the

inner wall dimensionless temperature where it can be seen

(a)

for conduction dominating case that the increase in Rr at
fixed Rs causes increase in inner wall temperatures till a
certain value of Rr and then decreases again (;I , %) as
Rrincreases. The value of Rr at which ( z , ¢?f ) is maximum
depends on the competence between the conductive and
convective resistances, which in turn are dependent on
Ra_, Krand Rs as can be seen in the two tables. The same
thermal behavior can be observed in convection
dominating case (at Ra = 10°) but only for narrow annulus

(at bigger Rs).

The material properties of inner wall for CHF heating are
investigated in Table 6, which shows the effect of Kr on
inner wall temperature of concentric annulus. It shows

that increase in Kr (from 0.5 to 100) reduces the inner wall

dimensionless temperature at constant Rr and Ra_. This

(c) (d)

FIG. 8. EFFECT OF Rs FOR CHF ON FLOW FIELDS (RIGHT SIDE IS STREAMLINES 43 = 2 AND LEFT SIDE IS
ISOTHERMS 4¢ = 0.05) AT Rar = 10%, Rr =5, Pr = 0.7 (a) RS = 1.3, [{)],nax = 17 &par = 0.95 (D) Rs =
L5 lmae = 17 &hpar = 1.05 (€) RS = 20,[lge = 15 &g = 1.25 (d) RS =3.0, [plynge = 8 &Ppee = 1.60

e~

(a) (b)

() (d)

FIG. 9. EFFECT OF Rr FOR CHF ON FLOW FIELDS (RIGHT SIDE IS STREAMLINES A3 = 3.0 AND LEFT SIDE IS
ISOTHERMS A¢p = 0.1) AT Rag= 10%, Rs = 1.3, Pr = 0.7 (2) Rr = 2.0,[)|nax. = 0.5 &ppae = 0.75 (b) Rr = 2.6,
Wlnax = 3.6 &b = 1.05 ) R =50, [hlgy = 17.0 &bpge = 0.95 (d) RY = 10.0, [thlqy = 30.0 &by = 0.90
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decrease is attributed to increase in thermal conductivity
of inner wall. At low Rayleigh number (i.e. Ra, =10°), Rr=
5.0 the percentage decrease in steady gl is 40% as Kr
increases from 0.5-100, while at high Rayleigh number
(i.e. Ra,=10°), Rr=5.0 the percentage decrease in steady
ZI goes to 61%. It can be inferred from these results that
the effect of Kr is more significant in case of convective

dominating cases as can be seen in Table 6.

One further observation that can be inferred from data of
Table 6 is that the effect of increase in Kr on steady ¢,

not only depends on Ra but also on Rr. For conduction

dominating case (i.e. Ra, = 10°), the percentage decrease
in steady Z, is 55% as Kr=0.5 to 100 at Rr=2.0 while at
Rr = 5.0 this percentage decrease in steady ;I goes to
40%. It can be noted that effectiveness of increase in Kr
on percentage decrease in steady a reduces as Rr
changes from 2.0-5.0 for conduction dominating case. For
convective flows (i.e. Ra, = 10°), the percentage decrease
in steady ;. 15 57% as Kr increases from 0.5-100 at Rr =
2.0, whereas at Rr = 5.0 the percentage decrease in steady
% goes to 61%. It shows that effectiveness of increasing
Kr on percentage decrease in steady increases as Rr

changes from 2.0-5.0 for convection dominating flows.

TABLE 4. EFFECT OF Ra_, Rs AND Rr ON ;I AND g FOR CHF CASEAT Kr = 2.0

Rs=1.2 Rs=13 Rs=14 =15

Ra, Rr — — — — — — —

¢ s 4 s # Pt ¢ Py
2 0.583 0.493 0.561 0.430 0.525 0.357 0.490 0.288
10° 2.6 0.857 0.766 0.820 0.689 0.786 0.617 0.752 0.549
4 0915 0.824 0.941 0.810 0.957 0.790 0.980 0.777
5 0.842 0.751 0.864 0.733 0.886 0.718 0.907 0.704
2 0.419 0.328 0.517 0.386 0.514 0.346 0.489 0.286
2.6 0.439 0.348 0.477 0.346 0.507 0.339 0.539 0.337

s
10 4 0.435 0.344 0.461 0.330 0.476 0.308 0.501 0.298
5 0.419 0.328 0.446 0.315 0.472 0.304 0.497 0.294
TABLE 5. EFFECT OF Ra_, Rs AND Rr ON ;I AND g FOR CHF CASEAT Kr = 0.25
Rs=1.2 Rs=13 Rs=14 1.5

Ra, Rr — — — — — — —

¢ Py ¢ Py # s ¢ Py
2 1.240 0.511 1.480 0.431 1.702 0.357 1.909 0.288
10° 2.6 1.495 0.765 1.739 0.690 1.964 0.618 2.171 0.549
4 1.548 0.819 1.843 0.793 2.124 0.778 2.386 0.765
5 1.477 0.747 1.777 0.728 2.056 0.710 2.317 0.696
2 1.121 0.391 1.429 0.379 1.691 0.345 1.908 0.286
. 2.6 1.076 0.346 1.393 0.344 1.682 0.336 1.955 0.333
a 4 1.072 0.343 1.367 0.318 1.652 0.307 1.919 0.297
5 1.057 0.328 1.364 0.315 1.649 0.303 1.915 0.293
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TABLE 5. EFFECT OF Ra_, Kr AND Rr ON ;I AND g FOR CHF CASEAT Rs = 1.3

Kr=1.5 Kr=10

Ra, Rr — — — — — — - p—

¢ 95 ¢ & ¢ 2 Z P
2 0.955 0.431 0.606 0.431 0.457 0.430 0.427 0.425
10° 2.6 1.215 0.690 0.865 0.690 0.712 0.686 0.670 0.667
4 1.319 0.795 0.974 0.800 0.850 0.824 0.830 0.828
5 1.253 0.729 0.907 0.732 0.775 0.749 0.753 0.751
2 0.904 0.377 0.560 0.385 0.418 0.392 0.384 0.381
5 2.6 0.869 0.344 0.520 0.345 0.379 0.353 0.354 0.351
v 4 0.842 0318 0.493 0318 0.359 0.333 0.325 0.323
5 0.839 0.315 0.490 0315 0.344 0318 0.325 0.323

4. CONCLUSIONS

In this paper, the problem of conjugate heat transfer within
a concentric annulus filled with Newtonian fluid is
numerically investigated using Fourier Spectral method.
The inner wall of annulus is heated either through
isothermal heating (CWT) or CHF, while the outer wall is
cooled and kept at constant low temperature. The study
focuses on the CHF along CWT, as CHF has significant
role in high pressure industrial applications but has not
received much attention. The conjugate heat transfer in
the annulus depends on radius ratio Rr, thermal
conductivity ratio Kr, and thickness of inner wall Rs. This
study considers Rayleigh number up to 10°, a range of Rs
from 1.2-3.0, arange of Kr from 0.25-100 and range of Rr
from 2-10. The Pr s fixed at 0.7 except for validation study
of CHF heating. The study has shown that as Rayleigh
number increases the heat transfer rate through the
annulus increases for CWT heating, while the inner wall
dimensionless temperature decreases for CHF heating.
The study has also shown that the increase in Kr
increases the heat transfer through annulus for CWT
heating and decreases the inner wall dimensionless
temperature for CHF heating and vice versa. It has also
been proved that as the inner wall thickness increases at

fixed Rayleigh number and Rr, the heat transfer rate

decreases for CWT heating and the inner wall
dimensionless temperature increases for CHF heating at
Kr <1. The study has also discussed that at Kr>1, the
effect of increase in Rs either on heat transfer for CWT
heating or inner wall dimensionless temperature for CHF
heating also depends on Rr. It has been shown for certain
combinations of controlling parameters there is a value
of Rr at which heat transfer rate is minimum in the annulus
in case of CWT heating, while there is a value of Rr at
which dimensionless temperature is maximum in the
annulus in case of CHF. Moreover, the study has
concluded that the effectiveness of increase in Kr is more
at high Rayleigh numbers for both heating cases (CHF or
CWT).

S. NOMENCLATURE

N Fourier coefficients
FF, radial and tangential components of buoyancy
force
g gravitational acceleration
g, Fourier coefficient
H,H  Fourier coefficients

K equivalent thermal conductivity
k, thermal conductivity of fluid
Kr

thermal conductivity ratio (=k /k))
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k, thermal conductivity of inner wall

L difference of radius =r -t

Nu, local and average Nusselt numbers
Nu_ . Conduction Nusselt number (= 2/In Rr)

Pr Prandtl number (W/pot)
R dimensionless radial coordinate (r/r,)
Ra Rayleigh number based on (2r,) for CWT case

Ra, modified Rayleigh number based on (2) for CHF
case

Ra, Rayleigh number based on (L=t -r,) for CWT case

Ra, modified Rayleigh number based on (L=r_-r,) for
CHEF case

r, radius of inner side of inner wall
r radius of outer wall

Rr radius ratio (=r /r.)
o 1

r, radius of the fluid side of inner wall

R dimensionless radius at the interface (=r_/r,)

R, dimensionless radius at the outer wall (=r /1)

q uniform heat flux applied on heating side of inner
wall

t dimensionless time

T temperature

X,y dimensionless Cartesian coordinates (x/r,, y/r,)

Greek Symbols
a thermal diffusivity
B coefficient of thermal expansion

AT, . temperature difference =T -T, in case of CWT
and equal to r,q/k in case of CHF

dimensionless temperature (T-T,)/AT
dimensionless logarithmic coordinate (=InR)
dynamic viscosity.

kinematics viscosity

density

time

angular coordinate

>

€ © A T° < E IO

,W  stream function and dimensionless stream
function

CL vorticity and dimensionless vorticity
Subscripts

i at inner side of inner wall

sf at solid-fluid interface

0 at outer wall of the annulus
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