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ABSTRACT

In this paper, an algorithm isdefined to construct 3n-point quater nary approximating subdivision
schemes which are useful to design different geometric objectsin the field of geometric modeling.
Wearegoingto establish afamily of approximating schemesbecause approximating schemeprovide
maximum smoothnessascomparetotheinter polating schemes. It isto be obser ved that the proposed
schemes satisfying the basic sum ruleswith bell-shaped mask go up to the convergent subdivision
schemes which preserve monotonicity. We analyze the shape-preserving properties such that
convexity and concavity of proposed schemes. We also show that quater nary schemesassociated to
the certain refinable functions with dilation 4 have higher order shape preserving properties. We
also calculated the polynomial reproduction of proposed quaternary approximating subdivision
schemes. The proposed schemes have tension parameter, so by choosing different values of the
tension parameter we can get different limit curvesof initial control polygon. We show in thetable
form that the proposed schemes are better than the existing schemes by comparing them on the
behalf of their support and continuity. The visual quality of proposed schemesisdemonstrated by
different snapshots.

Key Words. Subdivision, Quaternary, Tension Control, Bell-Shaped Mask, Convexity, Concavity.

INTRODUCTION

n computer graphics, subdivision technique

constitutes a large class of recursive schemes for

computing curves. The shape of control points that
is the vertices of a polygonal curve playsavital rolein
shape-preserving approximation which used in thedesign
of curvesto control their ‘shape'.

First, approximating schemes were introduced by Rham
[1] and Chaikin [2]. The well-known examples are the
schemes which generate spline curves by Micchelli [3]
which are bell-shaped of any arity (i.e. binary, ternary,
quaternary,...n-ary). A lot of work hasbeen done on binary
subdivision schemes, but the research communities are

taking interest to introduce higher arity schemes which
give less computational cost and better result. There are
numerous examples of binary and ternary monotonicity
and convexity preserving subdivision schemes[4-10]. A
similar approach to the cubic spline interpolation is
convexity-preserving approximation method which is
presented by Han [11]. He used the univariate cubic spline
approximation function having C? continuity. Mustafaand
Bari [12] establish a family of odd point ternary non-
stationary approximating schemesfor conics. In[13], they
also presented wide-ranging families of subdivision
schemesfor fitting data to subdivision models.
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3n-Point Quaternary Shape Preserving Subdivision Schemes

Mustafa and Khan [14] proposed a 4-point quaternary
approximating subdivision scheme with one shape
parameter and analyzed its properties. Quaternary
approximating schemes have higher smoothness and
smaller support, comparing to binary and ternary schemes.
So, the proposed quaternary subdivision schemes are
improving the smoothness of the limit function while
keeping asmaller support.

We are going to analyze the schemes having odd/even
number of control points which led to a more general
analyzable quaternary subdivision schemes. The most
important result of the articleisthat the proposed family
of schemeshasmonotonicity preserveaswell asconvexity
and concavity preserve. Comparison of the smoothness
of proposed schemes with existing schemes is also
presented.

This paper is arranged as follows: Section 2 contains
preliminaries. Shape preserving subdivision schemes of
higher order is presented in Section 3. Polynomial
reproduction, convexity and concavity preservation are
also presented in Section 3. Numerical examples and
comparison are presented in Section 4. Conclusion is
presented in Section 5.

2. PRELIMINARIES

A quaternary subdivision scheme S is defined by the
subdivisionrule:

£l = T 3, fhiez
IS

Wherea={ae Riie Z} determinesthemask of the scheme,
S, is called subdivision scheme corresponding to the set
of coefficients a. Throughout the work, we consider
quaternary approximating scheme with a mask of finite
support. We explicit ageneral formulafor the mask of 3n-
point symmetric subdivision scheme with one parameter

that reproduce of degree m=1 (for linear reproduction).
The quaternary subdivision scheme S with the mask
{aeR:ie Z} necessarily satisfies

5, aiva =10 =0123 ®

Laurent polynomial is used as a symbol of subdivision
scheme

a(=x ajzj
jez

which can bewritten asa(z) = (1 + z + 22 + Z%) b(z).

Thisimplies
b(z)= ¥ bjzj = (1+ z+ 2%+ 23)_1a(z) @)
ez

is a Laurent polynomial such that b(1)=1. By Albrecht
and Romani [8], we write Equation (3) as:

SAL = A(S)), 3

where Sis subdivision operator associated with the
differencemask b={ bj}

jez

AN={AN} AN =D -A

jez

If the subdivision scheme S is contractive then the
subdivision scheme S, is convergent. For p > 0 with
b(1) =1 and

p+1
(1+ 7+ 22+ 23)
4p

b(z) = a(2)
where b(z) is contractive, then y_e C°(R) and

p{) =s;51<r<p

where S: associated with the r-order

b'(z)=(1+z+22+ 25" 4a(z), l<r<p.
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Definition 1. A sequence {aj }rj=§N+2
]:

andj > nisbell-shaped, ifaj>0for0§ ] <na=a, for0

WhereaJ =0forj<0

<j<n,a<a<as<.. A where[.] isbracket function.

Definition-2: By Mehaute and Uteras[15], given aset of
control points p* e Z, p* = (xik, fik), f. isstrictly convex
X, divided
differenced® = f[p*,, <, x,]> 0.

at a point if second order

Definition-3: By Mehaute and Uteras [15], given a set
of control points pke Z, pf =[x, £ £ is strictly
concave at apoint )(ik , if second order divided difference
D =[x, X X, ] < 0.

The following theorem is followed by Pitolli [9].

Theorem-1: Any subdivision scheme related with bell-
shaped mask fulfilling the basic sum rulesis monotonicity

preserving.

Proof: Since a is compactly supported and satisfies
Equation (1), Laurent polynomial b(z) in Equation (2)
has degree 3N-1. Thus, the mask sequence b iscompactly
supported with suppb = [0,3N-1]. The expression

a(z)=(1+z+22+ 2% b(z).

=h+b_ +
a=b+hb,+b.,

0<j<3N+2 4)

From which, by induction, we get
i
b4]'+q = Z(:) Aa4i+q y q = 0,1,2,3 (5)
1=

Where(Aa)j =a-a,> OforO< j<3n+2,n=1,35...,
for 3,6,9 point quaternary schemes respectively, so that
bj> Ofor0< j<3n+1,n=135....

According the symmetric property of the mask, the
equality in Equation (4) gives

a] = a(3N+2)-j = b3N-j+2 + b3N-j+1 + b3N-j +b 0< j<3N+2 (6)

3N--1!

from Equation (6) we get Equation (7)

b b, , 0<j<3N-1 )

b3N»j-1 - a] - b3N-j+2 T M aNger T Mang?

Recursively, wefind that for j =0,1,2,...,N, b3N_j_1: bj and
the claim follows.

When a(z) is bell-shaped and has afactor (1 +z + 22 +
73)2, then bell-shaped b'(z) satisfies the basic sum rules.
Thus, Laurent polynomial

c(2) =(1+z+ 22+ 25Y(2).

()
Equation (8) has the degree 3N-4, and
1 .
bj = +cj_l+cj_2+cl—_3,03 j<3N-1 9
From Equation (9) we get Equation (10)
i
Cajiq = zo Abg,q.0=0123 (10)
i=

Since bt holds bell-shape property so the mask c is
symmetric and positive.

3. HIGHER ORDER SHAPE PRESERVING
SUBDIVISON SCHEMES

Subdivision schemes preserving shape with higher order
can be expressed as:

a :{ah

BN B,N} 1<i<3(N+1),

where
4

N~ g{h N1 F (E - 2)h—1,N—1 + Q—z,N—l} (12)
O< B<2isashapeparameter and N=3, 7, 11, 15,... in
Equation (11). The subdivision scheme S, 5\ converges
and generate CNlimit function for 0< f< 2. Thedivided
difference masks of the symbol

ag (z):4iN(1+ z+72%+ z3)N (ﬁ22 +(4- 2,B)z+,6)

r 2, 3" 4r (12)
bﬂ’N(z):(1+ z+7%+2 ) 4"a;n(z)1<r<N
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bell-shaped. So, the subdivision scheme S, N has shape-
preserving properties of order N, i.e. S, s CONSErves the
sign of the first-order difference A'f for 1 <r< N, where
A'f = A(A™). The subdivision scheme Sn has best
shape-preserving propertiesin thelogic that it conserves
the utmost with respect to the mask support with
achievable order differences. From Equation (12), the
masks of 3-point (N=3) and 6-point (N=7) quaternary
schemeswill be

aﬂs(z) = U B+ (4+P)z + (12+f)Z + (24+P)Z + (40-2B)Z* + (48-20)2°
+ (48-2)2° + (40-2P)7" + (24+B)2° + (12+P)2° + (4+)z"° + 2}
and

a,.(2) = UAY  +(4+50)z + (28+15p)* + (112+35()Z° +
(336+63p8)z* + (812+91B)z° + (1652+105B)z° +
(2912+85B)7 + (4512+26p)z° + (6216-620)2° + (7672-
154B)71° + (8512-210B)7 + (8512-210B)z%2 + (7672-
154(3)7*% + (6216-623)z% + (4512+263)7*° + (2912+850)z*¢
+ (1652+1058)z*" + (812+91p)z*® + (336+6303)z*° +
(112+35p8)z?° + (28+15B)z% + (4+5p8)z?2 + Bz2%}.

The mask of 3-point quaternary approximating scheme
in [16] coincide with a, when 8 =1/2 and this scheme
gives Ccontinuity. The mask a,, gives C° continuity.
Similarly a, gives Cl%ontinuity. Wewill derive explicit
formulae for the mask of 3n-point quaternary subdivision
schemes which are bell-shaped compactly supported.

Definition 3.1: By Siddiqgi and Younis[16], for quaternary
subdivision scheme the parameterization 7, = Tl the
corresponding parametric shift and attach the data f; “for
ie Z, ke N to the parameter values

Kk ook ok T
t =ty +—withty; =t;  ——
P70 Tk 070 T4k (13)

Theorem-2: A convergent quaternary subdivision scheme
reproduces polynomials of degree m with respect to the
parameterization defined in Equation (13) if.

k-1 20Tt
a“ @ =4ll(r-1)anda®| e * |=0
=0

forn=1,2,3andk=0,1,...m.

Proof: Theinduction over m can be performed to prove
thistheorem following [17].

The necessary conditions defined in Equation (14) will
befound with the hel p of following proposition, by view

of [17].

Proposition-1. If me N and 7e R, then a subdivision
symbol a(z) satisfies

a®@ = 4k]jl(r—|)for k=12,..m (14)
1=0

If.. b(z) = a(z*)z*satisfiesb(1) =4 and b®¥(1) =0 for k=
0,1,....m.

Proposition-2: If a quaternary subdivision scheme that
reproduces polynomial up to degree m then the smoothed
scheme § with the symbol

assures the conditions b(1) = 4 and b®(e*"#) = 0 for
k=0,1,...,m+1and hence generates polynomial of degree
m+1 but it has only linear reproduction.

Proof: For some symbol b(z) with b(1) = /4™, we have
a(z) =1 +z+22+25™P(2)

Taking first derivative of b(z) is

, 1+ 2+ 22+ 2, 1+2z+37°
b(z):fa(z)+Ta(z)
since
b 1, 3 3
T, = =—a@+-ald) =7+
b 4 () ) () a 2
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The second derivativeis

1+z2+2°+2 1+2z+372° 2+6z
bll — | /7
(2) —a (z)+74 al(z)+ 7

a(2)
and

b’(1) = a”(1) + 3a'(1) + 2a(1) = 47, (7, —1)+127, +8

simplifying, we get

b’(1) = 47, (z, 1) = 0

So, the proposed scheme reproduces polynomial of
degree m=1.

3. CONVEXITY PRESERVATION

We prove the convexity preservation of subdivision

schemesS_, .with uniforminitial control points. Givena

a,p3

set of initial control points pi0 eZ, pi0 = (xio, fio)which

are strictly convex, where xi0 € Z are equidistant points.

To simplify, we use Axiozxgl—xiozl. By the
subdivision scheme Sam, we have
kil kil ket 1k
A% T =X =X :ZAXi = 4K+
Denoted, = f [x;, x, x| = 427 (% ~ 21 + £, ) as

the second order divided differences. In the following,
wewill prove df > 0vk > 0,ke Z,ie Z

Theorem-3: Suppose that the initial control

pomts{pI }Iez,{plo} (xI f, ) are strictly convex, i.e.
di >0,fordlie Z

d* = 4% (2)_1(1‘&1 —2f*+ fiﬁl)’ Yik =Tk

Yk = maxi{yik,ik},sz OkeZjieZ
Yi

Furthermore, let0.1< f<0.9and 6=5+5p, 6 R. Thenfor
1/6<Y< 6,

dik>o%svks5,wzo,kez,iez (15)

That is, the limit function generated by the subdivision

scheme S

aMlsstrlctly Convex.

Proof. To prove Equation (15) WeW|II use mathematical
induction. Whenk =0, d >0, §<Y <d, then
Equation (15) istrue. Supposethat the Equation (15) holds

1
fork.i.e df > O,ESYk <, next wewill provethat the

Equation (15) hold for k+1. Since

dk+l 22 () (fk+1 2fk+l+f4'?ﬁ)

Thisimpliesthat

dk+1 ﬁd4|—1+( fjdik

Similarly

k+l
d4|-:-l - d

k+1
d4:—;—2 - d

K+l Bk B
gz = (1_ Zjdil + 1 d
Next we show that
di™ > 0,df" > 0,dS™ > 0anddf™, > 0
Since

1
dy" = d {ET + [1— ﬁj}
4 v 4

Then

aliiolod)
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Aswe know that d€ > 0 and The denominator and numerator of right hand side of
I
above expression are greater than and less than zero
51 B respectively for 0.1< $<0.9and 6=5+6f. Thisimplies
—=+|1-= 0
k+1
for0.1<B<0.9and §=5+ 6. Yo —0<0
Thisimpliesthat Further impliesthat
k+1
dy >0 ylfu+1 <6
Similarly, we can provethat Now we show that
dgiy >0,dg'; >0
F_ 6<0
and '
Since
dyis >0
for0.1<<0.9and 5=5+6. L gkt gdik_l +(1—§Jdik —dfs
Now we prove that ye T gkl T dX
1w Thisimpliesthat
55 <
1 B B
- ——=-0<4| =-1|0+1-~
we first show that ylgl {( 4 j 4}
k+1
Ya —0<0 Since
Since
ﬁ—l 5+1—£ <0
4 4
gl d!‘—ﬁd:‘_lé‘— -7 dks
kel 4i+1 4 4 for0.1<f<09and 6=5+68.
y4i —0= dkj—l —0= ﬂ ﬁ
4i 7d,k1+ 1— £ |gk Thisimpliesthat
4" 4 )"
1
Thisimpliesthat 1 —6=<0
Yai
{1_ B_ (1_ ﬂjg} Further impliesthat
4 4
Vi -0s 5 .
5+(1—) i <0
4 4 Yai
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In the same way, we see that

k-1 K+l k-1 1 1 1
Yain <6, Yai2 <6, Va3 <6, i SO0 g Sdand— <6
4i+1 Yait2 Yai+3
Since

1
Yk+1 _ maxi{yikﬂ’W}

i
it is obvious that

k+1

Y "2

S

This completes the proof.

3.2  Concavity Preservation

We prove the concavity preservation of subdivision

schemes S‘m3 with uniform initial control points.
Theorem-4: Suppose that the initial control points
{00}, {p°}=(x0, £°) are strictly concave, i.e.
D’ <0, foralicZ. Let

DX = 2k(2)71(fi51 —2ff + fitl)'qf “Thk

Kk _ k 1 ,
Q =max;| g ,— |\Vk=20,ke Z,ie Z
q

i
Furthermore, let 0.1< <0.9and A=5+58, Ae R. Then
for /A < Q< A,

Dik<0,%SQKS/1,Vk20,keZ,ieZ (16)

That is, the limit function generated by the subdivision
scheme Saﬁ,s isstrictly concave.

Proof. To prove Equation (16), wewill use mathematical
induction. If

k:O,Dik<O,%SQ°£/1

then the Equation (16) istrue. Suppose that the Equation
(16) holdsfor k. i.e.

k

D <Q<a

<O,l
A

Next we will prove that the Equation (16) hold for k+1.
Since

ot = 4 (2) 1kt - 2147+ 143)

Thisimpliesthat

Dk _ B DALy (1_£jDik

4i 4 4
Similarly

Dzlt(:+11 = Dik

D!:iilz = Dik

k+1 B~k Bk
Dyiig = (1—2)Di1 +,0

Next we show that
DA™ < 0,05 <0,D5™ <0and DS, < 0
Since
Dy = le{ﬁ%qL (1—2)}
4 g, 4
Then

Aswe know that Dik <0and

o)
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for0.1<fB<09andA=5+6p.

Thisimpliesthat

Dk <0

Similarly, we can provethat

D4’h <0,D5, <0and Dj% < Ofor0.1< f < 0.9and A =5+ 64

Now we prove that
1 k+1

—< <A

) Q

We first show that

Qi —A<0
Since
ok DK —’iDikli—(l—’i) DA
k_+1_/1: 4i+l_/1:
4i Dk_+l ﬂ ﬂ
4 Epk +1-2 DK
4 4
Thisimpliesthat
et
G A< 5
A+(1—)
4 4

The denominator and numerator of right hand side of
above expression are greater than and less than zero
respectively for 0.1< f<0.9and A =5+ 6. Thisimplies
that

gy’ =2<0

Further impliesthat

k+1

Qi

Now we show that

<A

-1<0

k+1

Qi

1 Dk g DI + (1— 'Z] Df-Df2
i K
Qai Da1 D
Thisimpliesthat

L (8 s
q + 4 4

4i

Since

(2ot

for0.1<fB<0.9and A=5+6p.
Thisimpliesthat

k+1_/1S0

4i

Further impliesthat

1
k+1 <4

Ui

In the same way, we see that

1 1 1

< < <
A N
So
Qk+ 1 S/’L
Since

1
Qk+1 — maxi {qikﬂiﬁ}

it is obvious that
Qk+l > 1
A

This completes the proof.

}
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4. NUMERICAL EXAMPLES AND
COMPARISON

Figs. 1-2 are produced by using convex and concave

dataset givenin Tables 1-2 respectively. We choose the

100D
9-
8_
'?-
6: O Control points
£ Limit curve
g S T
g
© 4
o |
3_
1 o]
2_
l_
l e A2kt g1
T v L hd T . T ' T ’ T hd T . T . T o o
1 2 3 4 5 6 7 8 9 10
Data points
(a) Convexity of 3-Point Quaternary Scheme
100
o
8~
?..
6 O Control points
2 Limit curve
: —_—
6 5-.
(=% 4
(1]
] 4+
G 4
3~
2..
1..

m_
o
S

i 2 3 4 5 6 7
Data points

(b) Convexity of 6-Point Quaternary Scheme

FIG. 1. THE CONVEX CURVES GENERATED BY SCHEMESS ;,
AND S , RESPECTIVELY

ap7

convex data set by Sarfraz [18]. Convex and concave
curves are produced by the schemes Sa&3 and SELB’7 are

showninFig. 1(a-b) and Fig. 2(a-b) respectively at B=0.5.
Fig. 3(a-b) shows the behavior of proposed schemes

3504 o)
300+
2504
O Control points
200+ ——
) ___ Limit curve
=
]
Q. 150+
3
©
o
1004
504
T T T T T 1
1 2 3 4 5 6 7
Data points
(a) Conveavity of 3-Point Quaternary Scheme
350 o
300
250
O Control points
.g 200 Limit curve
‘©
o
1
= 150
o
100
50

v d T ¥ T d T T T

1 2 3 4 5 6 7

Data points
(b) Conveavity of 6-Point Quaternary Scheme

FIG. 2. THE CONCAVE CURVES GENERATED BY SCHEMES
S ;, AND S .  RESPECTIVELY

ap3 ap7
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Sss andS, ot the different values of tension parameter 2-
. Table 3 shows the comparison of shape preserving
quaternary approximating schemes with existing 15
schemes. '
TABLE 1. CONVEX DATA SET 1-
)
0.5
X 1 2 4 5 10
y 10 25 0065 | 04 01 Ole==mrte =t
0.5 1 1.5 2
(a) Effect of Parameter of Proposed 3-Point Quaterney
TABLE 2. CONCAVE DATA SET Approximating Scheme
4
)
X 1 2 3 4 5 3
y 1 8 27 64 125 J
2 .

TABLE 3. CONTINUITY AND SUPPORT OF PROPOSED

SCHEMESWITH EXISTING SCHEMES 1
Schemes Support | Continuity
\ CRGES ERER RN JRER CaRSE
4-Point BinaryApproximeting [19] 7 2 . . v
(b) Effect of Parameter of Proposed 6-Point Quaterney
3-Point Ternary Approximeting [20] 4 2 Approximating Scheme
FIG. 3. THE TIGHTNESS AND LOOSENESS OF THE CURVE
BY CHANGING THE VALUE OF p
4-Point Ternary Approximeating [21] 55 2
5. CONCLUSION
4-Point Quaternary [22] 5 2

A family of 3n-point quaternary shape preserving
4-Point Quaternary [23] 5 3 subdivision scheme with a tension parameter has been
discussed which generate smooth limiting curves. The

$-Point Queternery Proposed 36 2 main goal is to establish the quaternary schemes with

_ higher smoothness and smaller support as comparing to
6-Point Quaternary Proposed 7.6 6 . . )

lower arity schemes. The convexity, concavity,

9-Poirt Quaterrary Proposed 13 10 polynomial reproduction and visual smoothness of

proposed schemes are al so discussed.
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