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ABSTRACT

In this paper we have presented a novel technique for the navigation and path formulation of wheeled
mobile robot. In a given environment having obstacles, a path is generated from the given initial and final
position of the robot. Based on the global knowledge of the environment a global path is formulated
initially. This global path considers all the known obstacles in the environment and must avoid collision
with these obstacles, i.e. the formulated path must be safe (collision free). For global path formulation
strategic schemes have been employed using the a priori knowledge of the environment. The global path
is fed to the robot. When unknown obstacles come in the path of the robot, it must deviate from the given
global path and should generate a local path to avoid collision with the new unknown obstacle. By using
sensors data the reactive schemes have been implemented for local path formulation. For local path
formulation the path has been subdivided into intermediate steps known as sub goals. In the existing
approaches known and unknown objects are considered separately. But in some of the practical applications
known and unknown objects need to be considered simultaneously. This paper considers the problem of
robot motion formulation in an environment having already known obstacles and unknown new moving
objects. A Novel algorithm has been developed which incorporates local path planner, optimization and
navigation modules. As unknown objects can appear in the environment randomly therefore uncertainty
in the environment has been considered.

Key Words: Global Path Planner, Local Path Formulation, Unknown Environment, Different Objects,
Collision Detection.

* Ph.D. Scholar, and ** Professor,
Department of Electrical Engineering, University of Engineering & Technology, Taxila.

1. INTRODUCTION

both the robot manipulators as well as for mobile robots.
But due to their free movements in the environment the
mobile robots have greater chances to face obstacles in
their path. Therefore, obstacle avoidance becomes a key
issue in mobile robots motion planning. So it is very
important that wheeled mobile robots have the intelligence
and appropriate capabilities for motion planning and
control schemes. It has a number of challenging issues.
The most important is the environment in which the robot
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Robot manipulators are static whereas wheeled
mobile robots can move freely. Therefore, they
have to perform tasks in large workspace. So the

work envelop of wheeled mobile robots is quite large due
to their free movement as compared to the static
manipulators. As the workspace of the static manipulator
is very limited so they can not fulfill the production
requirements which the mobile robots can meet due to
their mobility feature. Obstacle avoidance is required for
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has to carry out tasks. Mobile robot motion in an obstacles
environment can be exemplified as to start from an initial
point 1 and goes to the final point 2 avoiding obstacles.
An algorithm for collision avoidance has to generate and
test paradigm [1]. An easy method is to find a straight line
path from point 1 to point 2. This path has to be tested for
the collision of the robot with the obstacles. If collision is
detected through range sensors it should modify its path
to avoid collision with the obstacles. In case of collision
detection a new path has to be generated locally. This
process is continued until there in no collision detected.
This problem can be solved in a three level process. First
level is the specification level in which the robot obstacle
free configuration space is partitioned into many cells.
The relation between adjacent cells is determined and is
represented in the form of graph. Any path formed by
connecting cell containing point 1 to the cell having point
2 and avoiding obstacles satisfies the specification. Second
is the execution level, in which the length of the chosen
path is reduced by using optimization techniques. Third
level of the process is the implementation level. In this
phase the optimized path is converted into time based
trajectory to be fed to the controller. A reference trajectory
is generated traversing the sequence of cells given by the
path. Robot controllers are constructed such that the
reference trajectory is followed. The symbolic approach
has been presented in [2]. In symbolic approach a
framework has been described to provide the knowledge
of what has been done and what is to be done. The aim of
symbolic control is to enable the usage of methods of
formal logic, language and automata theory for solving
effectively complex planning problems for robots and teams
of robots. The limitation of symbolic approach is that the
search performed at the execution level is involved more
than the path finding and this is related to the classical
problem of model checking in formal analysis.

For motion planning different techniques have been
developed by Koditschek, et. al. [3] and Borenstein, et. al.
[4], considering the geometrical constraints. They include
potential field approach and vector field histogram

technique. These approaches deal with holonomic systems
for static obstacles. For a mobile robot path planning is to
take it from starting point to the goal point. The robot
must reach its target position successfully and must
navigate surrounding obstacles efficiently. Outdoor
environment is challenging for robot as compared with
the indoor which is normally structured. The outdoor
environment is normally unstructured and its map is
incomplete due to the new objects that can appear during
its movement. Therefore the path planning must use
efficient representations and must be incremented to
accommodate new information. In [5] an optimal algorithm
(D*) has been used for replanning the optimal path
incrementally. For this purpose the authors have used a
data structure called framed quadtrees. This data structure
leads to a shorter and direct path. The algorithm has been
simulated and practical results have been obtained using
autonomous jeep equipped with obstacle avoidance
capabilities. For dealing with complex model of robot and
processing of large number of information to determine
the possible action of robot at a suitable rate, a layered
approach of navigation is used. Navigation is decomposed
into local and global levels. Local planning is done for
obstacles avoidance of the robot and reacting to sensory
data quickly. Global planning is used to decide how best
to direct the robot towards the goal. The proposed method
in [5] requires general-purpose computing only. An optimal
path is precomputed off-line by the available map. Then
the path is efficiently modified as new map information
becomes available on-line. The methods which use uniform
grid representations must allocate large memory that may
never be traversed or may not contain any obstacles. The
requirement of huge memory is the main drawback of these
methods. Efficiency in map representation has been
obtained by the use of quadtrees, at a cost of optimality. A
data structure called a framed-quadtree has been used to
extend an existing path planner that has used uniform
(regular) grid cells to represent terrain. This path planner,
D*, has been shown to produce optimal paths in changing
environments by incorporating knowledge of the
environment as it is incrementally discovered. D* produces
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the same results as planning with A* for each new piece
of information, but is much faster. The reason is that D*
adjusts optimal path costs by increasing and lowering the
costs only locally and incrementally as needed. Instead of
a regular grid, Quadtrees can be used to reduce memory
requirements. So a modified data structure can be used in
which cells of the highest resolution may be added around
the perimeter of each quadtree region. The drawback of
framed-quadtrees is that they can require more memory
than regular-grids in highly cluttered environments
because of the overhead involved in the book-keeping.

2. CONFIGURATION OF WHEELED
MOBILE ROBOT SYSTEM

The robotic system that we have used is a three wheels
mobile robot. It is a non-holonomic system. It has a
differential drive system. This robot is very useful in the
real world environments testing. The two rear wheels are
driven by dc motors separately. Fig. 1 shows the wheeled
mobile robot platform.

2.1 Model Constraints

Wheeled mobile robots have mechanical devices, have
electromechanical elements embedded controllers and
digital circuits. Therefore they are very complex systems.
These robots operate in unstructured environment. Due
to various constraints and complexity robot motion

planning and control is  challenging for developing a
computationally efficient framework. The platform that we
have used is a nonholonomic system. It has nonholonomy
constraints which involve equations having the time
derivatives of the system configuration variables. These
equations are Non-integrable and they arise when the
system has fewer controls than configuration variables.
For example a car-like robot has two controls i.e. linear and
angular velocities, while it moves in a 3-dimensional
configuration space. Any path in the configuration space
does not necessarily correspond to a feasible path for the
system [6]. That is why the purely geometric techniques
developed in motion planning for holonomic systems do
not apply directly to nonholonomic ones [7]. While the
constraints due to the obstacles are expressed directly in
the manifold of configurations, nonholonomic constraints
deal with the tangent space. Nonholonomic motion
planning itself is a difficult task even in the absence of
obstacles. There is not any general algorithm to plan
motions for any nonholonomic system such that the
system is guaranteed to reach exactly to a given goal [8].
Existing results are for approximate methods in which the
system reaches approximately to the goal. Exact methods
have been used for special classes of systems. Obstacle
avoidance adds another level of difficulty in which we
should take into account both the constraints due to the
obstacles (configuration parameters of the system) and
the nonholonomic constraints which link the parameter
derivatives. Geometric techniques for obstacle avoidance
should be combined with the control theory for
nonholonomic motions.

2.2 Path Planning

Mobile robots research can broadly be classified into
three different categories. These categories are position
estimation, path planning and driving control. The Path
planning considers the geometrical concerns of mobile
robot motion without accounting the time element. It
searches for a set of collision-free path nodes that leads
the mobile robot from the initial point to the targetFIG. 1. WHEELED MOBILE ROBOT PLATFORM
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position. Path planning problem is solved in two steps.
In the first step a collision free path is formulated. If it is
decided that a collision free (safe) path exists then this
path is fed to be executed by the robot. So in the second
step the formulated safe path is converted into
executable form. For mobile robots path planning
approaches can broadly be classified into two
categories. One uses exact representations of the
environment while the other uses a discretized
representation. Advantage of discretization is that in
this representation the computational complexity of path
planning can be controlled by adjusting cell size. While
in exact methods, the computational complexity is a
function of the number of obstacles which is normally
not controllable. Normally motion planning problems
are solved by approximated algorithms. Exact solutions
exist but only some special small time controllable
systems can be solved by exact solutions.

3. MOBILE ROBOTS KINEMATICS

We have developed the kinematics model for our mobile
robot and is presented in this paper. Kinematics model of
wheeled mobile robot can be obtained with a differential
geometric point of view by considering rolling without
slipping. The motion planner generates a geometrical path
free of collisions, but the motion controller needs the time
based trajectory as the input. Therefore, it is necessary
that before giving it as input to the controller this
geometrical path must be converted into time based
trajectory. The geometrical collision-free path in this
research has been assumed to be a sequence of points in
three dimensions. These are x, y and θ. For the trajectory
function parametric cubic spline function in the following
form has been used.

x=x (t), y=y (t), θ= (θ)

The parametric cubic spline function is as given:

x(t) = a1xt
3 + a2xt

2 + a3xt + a4x

y(t) = a1yt
3 + a2yt

2 + a3yt + a4y

θ(t) = a1θt
3 + a3θt

2 + a3θt + a4θ

Boundary Conditions: In our case there are two boundary
conditions relating to the position and velocity of the
robot respectively. The mobile robot has to start from its
initial position and must reach its destination or goal point.
This is the first boundary condition which must be satisfied.
Mathematically:

Xinit = X (t=0) and Xfin = X (t=T)

The second boundary condition is that initial and final
velocity of the mobile robot must be zero. i.e.
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The above developed kinematic model has a singular
configuration at ω=90. So the condition of ω=90 should be
avoided. The robot coordinates are shown in Fig. 2.
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The above developed model is transformed into chained
form as:

13
.
4   12
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Where νc1 = νcosω and νc2 = νsinω

Obstacle avoidance is very important while the speed of
robot and position of the front wheel is not important.
Therefore, the control system is simplified as:
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In the aboveequation , l is the distance between the axles
of front and rear wheels; V is speed of the robot and ω is
the steering angle.

4. GENERATION OF  TRAJECTORY
FROM THE PATH

Fig. 3 shows the block diagram of trajectory generation.
Once the path of the mobile robot is generated by the path
planer then this path is to be regenerated into time based
trajectory. This trajectory is then fed to the motion
controller. To transform a path planner into an admissible

trajectory is a typical problem in the field of robotics. This
problem has been investigated in literature mainly
considering the manipulators. There are various
approaches which address geometric constraints of
obstacle avoidance and the Kino dynamics. These
techniques explore the phase space using discretization
and graph search methods. These types of algorithms
provide approximated solutions and are time consuming.
Only few of them deal with obstacle avoidance for
Nonholonomic mobile robots. Trajectory planning for a
mobile robot has to execute optimal path from the given
initial position to the target position [9]. If the obstacles
are not considered even then computing admissible path
for nonholonomic mobile robot between two
configurations is a difficult task. There is no algorithm
which guarantees nonholonomic mobile robot system to
reach its goal exactly. If our wheel mobile robot has to
move from its initial location (0,0,0) to the target location
(x,y,θ), it has to perform a pure rotational motion to the
location (0,0, atany/x). Then it will perform a translational
motion to the location (x,y, atan y/x) and then a rotational
motion for steering to the target location. There are several
approaches for trajectory planning of Nonholonomic
systems. Most of existing results deal with non-holonomic

FIG. 2. COORDINATES SYSTEM OF THE MOBILE ROBOT
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FIG. 3. BLOCK DIAGRAM OF TRAJECTORY GENERATION
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systems and object avoidance in two ways. One is to
focus on motion planning ignoring obstacles. The other
is to modify results from a holonomic planner. The approach
of approximating a holonomic path into a sequence of
admissible collision free paths has two steps. In the first
step if a solution for the path exists then with geometric
path planner a collision free path is planned. In the second
step the path is subdivided into sub paths. These sub
paths are joined together to form a collision free path. It is
necessary that a collision free path has been calculated
geometrically ignoring the kinematics constraints for
applying the above technique and a geometric routine
must satisfy that the path is collision free. The steering
method consists of the shortest admissible path. Steering
methods give the sequence of admissible paths whose
length is related with the first collision free path. When
the path is closer to the obstacle it should be further
subdivided. From the optimal trajectory planning a path is
provided to mobile robot having shortest distance,
minimum driving time and minimal tracking error. An
admissible trajectory of a robot is the solution of differential
system corresponding to the kinematics model of the
mobile robot with the given initial and final conditions. A
path is the image of a trajectory in configuration space. A
trajectory in the sequel is a continuous function from some
real interval [0,T] in configuration space. For
nonholonomic motion planning the objective is to find
collision-free admissible paths for mobile robot in the
configuration space. Block diagram for trajectory
generation of mobile robot is shown in Figure 3. Motion
planners compute paths which have to be transformed
into trajectories. Transformation of the path into a
trajectory should be elaborated by simplifying the
kinematics model of the robot. The path must be smoothed
before computing the trajectory.

5. PROBLEM FORMULATION OF
MOBILE ROBOT

The Mobile robot has to move from initial position
{Xinit=(xj,yi; θi)

T} to the given target (final position)
{Xfin=(xf, yf, θf)

T}. The problem is to find the trajectory

X(t)=[x(t), y(t), θ(t)]T and the traveling time T. There are
various constraints on mobile robot which must be
satisfied. These constraints include boundary,
Nonholonomic, non collision and physical constraints on
the Kino dynamic performance. Since real world
applications of the mobile robots require that the mobile
robot must be capable of moving within an environment
having obstacles therefore, the trajectory must be planned
for the path to avoid obstacles. For obstacle avoidance
collision detection is a basic tool. Obstacle avoidance
mainly depends upon the efficiency of collision detection
algorithms. Depending upon the inputs and outputs,
collision detection has various problem formulations. To
simplify the problem some constraints are placed. Thus,
often objects are assumed to be polyhedra, usually convex
ones, and motions are constrained to be translational or
quasilinear. The environment is usually uncertain as
complete information and future trajectories of obstacle
cannot be assumed a priori. So the problem arises as to
how to plan a collision free path in real time in presence of
moving objects in limited sensing range. Computing a
collision-free trajectory for a non-holonomic mobile robot
located is a difficult task [10]. It deals with two extensively
studied problems. They are the geometric path planning
and non-holonomic motion. In this context collision
avoidance at the time of execution of trajectory is required.
A previously planned trajectory has to be deformed during
execution to avoid collision. There are three main reasons
for this. First reason is that the map of the environment
may be inaccurate. The second is that new obstacles may
appear that were not in the map and the third one is that if
the planned trajectory is not exactly followed due to a
poor localization of the robot, unexpected collisions may
occur. Different methods have been proposed to overcome
these difficulties. There has been no comprehensive result
on analytical motion planning for non-holonomic systems
operating in dynamic and uncertain environment. Dynamic
motion planning problem can be decomposed into two
sub problems of static path planning and velocity
planning.
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5.1 Static Path Planning

In this case the robot has to move among static or fixed
obstacles therefore it is constrained by its geometry and
workspace. There are three main categories. One is the
Exact Method in which an exact representation is
computed for the free configuration space. If an
admissible trajectory exists then these methods guarantee
its solution. Trajectory is generated by combining the
sub trajectories obtained by connecting the initial and
final configurations. The main problem in these methods
is the representation of the space. The representation
can be done in three different ways, i.e. Roadmap, cell
decomposition and boundary representation [11]. Second
category is Approximate Method which is used in
problem where the precision of exact method is not
involved. In these techniques the free space
representation is approximated thus reducing the planning
time. These methods are further categorized into artificial
potential field methods and approximate cell
decomposition methods. Artificial potential methods are
used for real time obstacle avoidance of robot. In this
method the obstacle is considered as a source of repelling
for robot and the target acts as attraction force. This
method is simple. It does not need exact representation
of free configuration space thus planning is fast. But the
problem in this method is that local minimum exists in the
potential field. In approximate cell decomposition method
the space is divided into three types of cells. They are
called full, Empty and mixed. Full cells are those which lie
entirely in the configuration space of the obstacles.
Empty cells lie in the free configuration space. The rest
of the cells are called mixed. The main problem of this
method is the limitation of the number of DOF (Degrees
of Freedom). Another problem is the full representation
of motion constraints. The third category is the Hybrid
Method. Hybrid method is the combination of several
methods. Hybrid methods include Mixed methods and
Task managers. Mixed method is the combination of
artificial potential method and approximate cell
decomposition method [12]. Task manager [13] uses two

or more basic planners, in which one is fast and uses
heuristic while the other is complete but is slow.

5.2 Velocity Planning

In this case the mobile robot has to move among dynamic
obstacles. We have to determine the relative velocity of
the robot and the moving obstacles so that there is no
collision. To do this complete information (future
trajectories), is require and its solution is not guaranteed.
Velocity planning can be done for objects that are moving
with uniform velocities, using the velocity obstacle concept
[14]. Collision is avoided if robot velocity is chosen such
that its velocity relative to obstacles velocity does not
enter the corresponding collision cones. For dynamic
obstacles correct environment sensing is required to
estimate its proper position and velocity. For appropriate
decisions proper sensing representation is needed to
collect sensor data of the critical object in the environment
of the mobile robot, which helps in the estimation of the
position and velocities of the objects in the environment
of the mobile robot. Main problem is data association,
which decides the correspondence of the new data with
the existing track. Track management decides that either
new track should be created or the old one must be
maintained.

6. THE DEVELOPED TECHNIQUE

In this paper we have presented a new approach for the
representation of dynamic environment. Flow chart of the
developed technique is shown in Fig. 4. Different tracking
techniques are in literature to track dynamic obstacles.
Localization and mapping is used for static obstacles. The
correlation between static and different dynamic objects
is the new work presented in this paper. For computing
the probability from the sensors data, two dimensional
grid representations have been used that whether each
cell is empty or full. For tracking multiple dynamic
obstacles, spatio-temporal clustering approach has been
used. In this technique temporal map is used for tracking
and motion detection. The drawback of this approach is
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that moving object is lost due to occlusion problem.
Therefore, uncertainty in the environment estimation has
been taken into account by the probabilistic reasoning
technique. Risk of the Probabilistic grid representation
has been estimated for each cell using sensor data. A four
dimensional grid is formed to encounter the position and
velocities of the object relative to our wheel mobile robot.
At each time interval occupancy grid is estimated by
combining the estimation step and prediction step.
Bayesian Formulation has been used for static Estimation.
Probability distribution is given as:

( ) ∑×=
∑
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In the above equation, S is a searched variable, K is a
known variable and F is a free variable, α is a normalization
term. Probability occupancy of each cell of the grid is
estimated by the sensor data (false alarm for detecting
non-existing objects and missed detection when existing
object is not detected) as:
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In the above equations C represents the cell, EC represents
state of the cell and ζ is observation set. Zs is one
observation and is four dimensional. S is the number of
observation and M is a matching variable. Estimation in
changing environments has been taken into account by
the history of sensory observations. Prediction and
Estimation have been used for this estimation. In prediction
we estimate occupancy probability at time k of a cell by k-
1 occupancy grid while estimation is based on the previous
prediction. They are represented by Pr(E

k
c/C

k Uk-1) and
Pr(E

k
c/Z

k Ck-1) respectively. Where Ck represents cell at time
k and Ek

c represents state of C at time k respectively. Bayes
Filter has been used.

XK = fK (XK-1, UK-1, WK)

In the above Bayes filter Xk is a state sequence, K∈N of a
system, fk is a nonlinear transition function and Uk-1 is a
control variable (speed or velocity) for sensor to estimate
ego-movement between time k-1 and k. Wk is the process
noise. When Zk is the sensor observation of the system at
time k, filtering recursively estimate Xk from sensor
measurements:

ZK = HK (XK, VK)

6.1 Avoidance of Collision

For developing technique for the wheeled mobile robot to
avoid collision Bayesian Occupancy Filter has been
employed. By this the forward speed values of the wheeled
mobile robot are selected. These are the values which
avoid collision with the moving obstacles. With occupancy
property the danger property has also been implemented.
Danger property has been estimated in which the
probability of each cell of the grid that it is a hazardous is
estimated, independently of the occupancy estimation.
Time to collision and traveling safe distance are the two
criteria for estimating the danger encountering. Closest
point of approach is the relative position of robot and the
obstacle and is called safety distance. Time to closest
point of approach is the time to reach this safe distance.
Distance at this closest point of approach is the distance
separating mobile robot and object when closest point of
approach has reached. The previous criterion is evaluated
for every cell Fig. 4 shows the flow chart of the developed
algorithm.

6.2 Application of Collision Avoidance

The wheel mobile robot should detect collision and must
avoid all the obstacles in its workspace. The speed of the
mobile robot is controlled to avoid collision with the
moving obstacles which have a high risk of collision with
the robot. This is achieved by applying brakes or by
accelerating the mobile robot. Risk estimated velocity is
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obtained by occupancy and danger probabilities. These
probabilities are calculated for every cell and are
represented by P(Ek

c/Z
k Ck) and P(Dk

c/C
k) respectively.

Practically the probable occupied cell is searched at every
time interval using the equation:

Ck Max {P(Dk
c/C

k), with P(Ek
c/C

k) > ½}
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7. RESULTS

An experimental situation for the collision avoidance for
the mobile robot is shown in Figs. 5-6.

Fig. 5 shows the situation when the mobile robot is
moving towards its target. There is a stationary object
and a moving object approaching in the path of the mobile
robot. The moving object is detected by the mobile robot.
For a small period of time the moving object is hidden by
the stationary obstacle. Fig. 7 shows the velocity curve
of the mobile robot. It is clear from Fig. 7(a) that the robot
gains speed from time t=0 to t=10 seconds. That is, it
attains its maximum velocity of 0.5 m/s. Then the moving
object is detected which has the probability to collide
with the robot, so velocity of robot decreases. From time
t=12 seconds to t=14 seconds the object is hidden by
the stationary object. During this time period our
technique considers the probability occupied by the
hazardous cell of the grid. Therefore the mobile robot
stops till the moving object reappears. Then the robot
accelerates at t=14seconds when there is no risk of
collision. Figure 6 shows a practical example of mobile
robot moving towards its target. There is a stationary
object (rack) and two dynamic obstacles (moving
persons) approaching in the path of the mobile robot.
Fig. 7 (b) shows the velocity curve of the mobile robot

FIG. 5. EXAMPLE OF MOBILE ROBOT AVOIDING A
DYNAMIC OBJECT HIDDEN BY STATIONARY OBJECT

 FIG. 6. EXAMPLE OF MOBILE ROBOT AVOIDING TWO
DYNAMIC OBJECTS (PEOPLE) HIDDEN BY A STATIONARY

OBJECT

when there are two moving obstacles. The robot gains
its speed when at time t=11 s it detects a moving object
which has the probability to collide with it. Then the
object hides behind the stationary object. Our technique
considers the probability occupied by the hazardous cell
of the grid during this period and the robot decreases its
speed till the moving object reappears. Then the robot
accelerates when there is no risk of collision. When the
robot attains its speed towards its target point it detects
another moving object having the probability of collision.
The robot again decelerates as our technique again
considers the probability occupied by the hazardous cell
of the grid during this period. When there is no risk of
collision the robot attains its acceleration. Fig. 7(c) shows
the velocity curve of the mobile robot for two moving
objects one just after the other simultaneously. At time
t=11 s a moving person is detected by the robot having
the probability of collision. During his movement the
person is hidden behind a stationary rack. Our algorithm
works during this time by considering the probability
occupied by the hazardous cell of the grid. So the robot
decreases its speed till the person reappears. At time
t=14 s the mobile robot detects another person
approaching in its path, so the robot further decelerates.
At time t=21 s when there is no risk of collision the robot
accelerates towards its target.
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8. CONCLUSIONS

In this paper we have presented a new technique for the
trajectory planning of wheeled mobile robot. Existing
approaches consider the static and moving objects
separately. Whereas the practical applications require the
consideration of static and moving objects simultaneously.
The problem of robot motion planning was considered in
an environment consisting of both static and moving
objects. When the moving object is hidden behind the
static obstacle our algorithm considers the probability of
the hazardous cell of the grid. The algorithm developed
was tested for multiple objects hidden behind the static
obstacle. This technique works quite well in highly dynamic
environment.
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